b >

NAVAL FACILITIES ENGINEERING SERVICE CENTER
Port Hueneme, California 93043-4370

Technical Report
TR-2082-SHR

NUMERICAL METHODS FOR IMPLEMENTING
THE BOUNDING SURFACE PLASTICITY
MODEL FOR CLAYS

by

Thomas Joseph Holland, Ph. D.
University of California, Davis

September 1997

19971021 141

Approved for public release; distribution is unlimited.

é‘" Printed on recycled paper




REPORT DOCUMENTATION PAGE it

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching
existing data sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this
burden estimate or any other aspect of this collection information, including suggestions for reducing this burden, to Washington Headquarters Services,
Directorate for Information and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget,
Paperwork Reduction Project (0704-0188), Washington, DC 20503.

1. AGENCY USE ONLY (Leave blank)} 2. REPORT DATE 3. REPORTTYPEAND DATES COVERED
September 1997 Final; October 1994 through August 1997
4. TITLEAND SUBTITLE NUMERICAL METHODS FOR 5. FUNDING NUMBERS

IMPLEMENTING THE BOUNDING SURFACE
PLASTICITY MODEL FOR CLAYS

6. AUTHOR(S)
Thomas Joseph Holland, Ph. D.

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESSE(S) 8. PERFORMING ORGANIZATION REPORT
NUMBER
University of California, Davis
Davis, CA TR-2082-SHR
9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESSES 10. SPONSORING/MONITORING AGENCY
REPORTNUMBER

Naval Facilities Engineering Service Center
1100 23rd Avenue
Port Hueneme, CA 93043-4370

11. SUPPLEMENTARY NOTES

12a. DISTRIBUTION/AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release; distribution is unlimited.

13. ABSTRACT (Maximum 200 words)

Previous work on the development and numerical implementation of the bound surface plasticity model for clays is discussed.
Modifications were made to the hardening relationship to improve the numerical performance in the tensile range. A rate equation for
the loading surface was developed. Modifications were made to the invariant description of the bounding surface to avoid numerical
difficulties in evaluating the derivatives.

The closest point projection method is described for simple and general internal variable plasticity models. The method was
developed within the classical plasticity framework and uses the Newton-Raphson method to satisfy the implicit integration of the rate
equations and the consistency condition. An explicit treatment of the internal variables is discussed. Application of this method for the
bounding surface plasticity model for clays was developed by adding an internal variable and using the rate equation for the loading
surface.

A new algorithm “the reduced Newton method” was developed for the bounding surface plasticity model for clays. It involved
mapping the stress rate equations, internal variable rate equations and the consistency condition into two nonlinear equations and
integrating them with a backwards Euler formula using Newton-Raphson iteration.

Comparisons of predictions for anumber of sample problems was made using the trapezoidal integration, closest point and reduced
Newton methods. “Exact” solutions for stress points that start on the bounding surface were developed by assigning an arbitrary stress
path and calculating the corresponding strains using numerical integration with a tight tolerance. The “exact” solutions were used to
evaluate the effectiveness of the proposed general numerical implementation of the bounding surface method.

A standard effective stress interface is proposed for finite element programs that use the Newton-Raphson method. The reduced
Newton model is implemented within the DYSAC2 finite element program and is used to analyze an earth embankment subjected to
earthquake and shock loads.

14. SUBJECT TERMS 15. NUMBER OF PAGES
Computational plasticity, soil plasticity, bounding surface plasticity model, finite element, 196
DYSAC?2 finite element program, Newton-Raphson method, earthquake and shock loads 16. PRICE CODE

17. SECURITY CLASSIFICATION |18.SECURITY CLASSIFICATION |19.SECURITY CLASSIFICATION | 20. LIMITATION OF
OFREPORT OF THISPAGE OF ABSTRACT ABSTRACT
Unclassified Unclassified Unclassified UL
NSN 7540-01-280-5500 Standard Form 298 (Rev. 2-89)

Prescribed by ANSI Std. 239-18
298-102




EXECUTIVE ARY

Previous work on the development and numerical implementation of the Bounding
Surface Plasticity model for clays is discussed. Modifications are made to the hardening
relationship to improve the numerical performance in the tensile range. A rate equation for
the loading surface is developed. Modifications are made to the invariant description of the
bounding surface to avoid numerical difficulties in evaluating the derivatives.

The Closest Point Projection method is described for simple and general internal
variable plasticity models. The method is developed within the classical plasticity
framework and uses the Newton-Raphson method to satisfy the implicit integration of the
rate equations and the consistency condition. An explicit treatment of the internal variables
is discussed. Application of this method for the Bounding Surface Plasticity model for
clays is developed by adding an internal variable and using the rate equation for the loading
surface.

A new algorithm coined “the Reduced Newton method™ is developed for the
Bounding Surface Plasticity model for clays. It involves mapping the stress rate equations,
internal variable rate equations and the consistency condition into two nonlinear equations
and integrating them with a backwards Euler formula using Newton-Raphson iteration.

Comparison of predictions for a number of sample problems is made using the
trapezoidal integration, Closest Point and Reduced Newton methods. “Exact” solutions for
stress points that start on the bounding surface are developed by assigning an arbitrary
stress path and calculating the corresponding strains using numerical integration with a tight
tolerance. These “exact” solutions are used to evaluate the effectiveness of the proposed
general numerical implementation of the Bounding Surface model.

A standard effective stress interface is proposed for finite element programs that use

the Newton-Raphson method. The Reduced Newton model is implemented within the
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DYSAC?2 finite element program and is used to analyze an earth embankment subjected to

earthquake and shock loads.
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0. Numerical Methods for Implementing the Bounding Surface

Plasticity Model for Clays

In most structural or geotechnical engineering studies, the behavior of the object
being designed is the focus. The object is loaded externally with known and unknown
forces (e.g., deadweight, wind, soil, vehicles, support reactions, etc.) and the observed
behavior is in displacements (e.g., deformation under load) and, to some degree,
appearance (e.g., concrete turning to rubble). To analyze this behavior mathematically, the

following sets of equations must be satisfied:
1) the equations of equilibr.ium (equations of motion for dynamic problems),
2) the equations of compatibility (kinematics), and
3) the constitutive equations.

For quasistatic problems the equilibrium equations relate the forces (internal and
external) to the stresses. The compatibility equations provide the kinematic relationship
between the displacements and the strains. The constitutive equations are dependent on the
type of material and relate the stresses to the strains. The relationships among these
equations are shown in Figure 0.0-1.

The focus of this study is on the constitutive equations and their numerical
implementation using the Finite Element Method (FEM). It is assumed that the finite
element program is nonlinear, implicit and has already addressed the equilibrium and
compatibility equations. The FEM is generally a displacement-based formulation which
implies that the constitutive equations are given strains and expected to return stresses and

the tangent moduli to the global solution iteration procedure.




The constitutive equations are developed to model the behavior of the material with
a given set of measurable parameters obtained from laboratory tests. To develop these

constitutive equations the following issues must be addressed:

1) development of the constitutive model to match the material behavior under

consideration, and

2) implementation of the model within an appropriate solution algorithm (usually

numerical).

In the evolution of the constitutive model, a great deal of effort is spent comparing
experimental data with numerical results to validate and develop confidence in the model.
Important physical and geometric parameters such as void ratio for soils are incorporated
into the model. These physical parameters allow the model to have general application to a
family of material types (e.g., clays and silts). The constitutive model used in this study is
the Bounding Surface Plasticity model for clays.
The Bounding Surface Plasticity concept was developed at the University of
California at Berkeley in the mid 1970’s and it promised to be computationally efficient.
The concept provided for a gradual transition from elastic to plastic material behavior and
was originally developed for metals. It became especially useful for materials that have no -
. distinct yield points (e.g., soils, concrete, etc.). Bounding Surface Plasticity was applied
to clay soils at the University of California at Davis during the mid 1980’s and was
validated using traditional laboratory and geotechnical centrifuge soils tests.

The subject for this study is the numerical implementation of the single ellipse,

Bounding Surface model for geotechnical analysis of clay soils. The implementation




addresses two issues:
1) efficiency, and
2) accuracy.

The importance of efficiency lies in the structure of the solution algorithm of a
typical nonlinear, implicit finite element program as illustrated by the nested loops shown in
Figure 0.0-2. Evaluation of the constitutive equations occurs within the innermost loop.
Thus, efficiency of the constitutive model evaluation significantly impacts the performance
of the global analysis of a geotechnical structure.

Accurate tangent moduli can enhance the performance of the global solution
algorithm by helping to provide an optimal direction (when multiplied by the residual
vector) for the iteration which will improve the global convergence. Also, implied with the
issue of accuracy is robustness. Even for calculations that involve small solution time steps
in the outer loop, the global iteration method can sometimes generate large trial strains
during the iteration process even though the eventual incremental strains may be small.
These large strains are provided as input to the constitutive model and reasonable stresses
and tangent moduli are expected to be returned from the material properties algorithm. A
constitutive model and its numerical implementation that cannot provide reasonable values
for large strain increments may be useless even for calculations that involve small time
steps.

One approach for dealing with the accuracy/robustness issue is the use of a uniform
substepping method at the material model level. Given a set of incremental strains from the
global iteration, the predicted stresses and tangent moduli can be compared using different
numbers of substeps across the increment. If the stresses from one substep level are within

a given tolerance of the previous level (e.g., one step versus two substeps) then the finer




solution is accepted. In the global analysis, this assures that the stresses and tangent
moduli of neighboring elements are obtained within the same degree of accuracy in stress
space. The uniform substepping approach also has the added advantage of seeking the
correct answer when Newton-Raphson-based methods, which cannot distinguish the
correct solution from extraneous solutions of a nonlinear problem.

The original numerical implementation of the Bounding Surface model uses
trapezoidal integration, which is second order accurate and relatively stable. It requires
information at the beginning and at the end of the step and thus needs to iterate. The
implementation also includes substepping to enhance accuracy and robustness. Difficulties
arise in certain analyses where the consistency condition is not exactly satisfied at the end
of the increment, that is, where the computed stress point falls outside the bounding surface
in stress space. This study looks at alternative numerical implementations that would

prevent this behavior and promote greater efficiency and accuracy.
0.1 Report Layout

Section 1 briefly describes the theoretical aspects of the single ellipse Bounding
Surface model for clays. It also describes theoretical and numerical modifications that were
made to improve the original model and develops relationships that are used in its numerical
implementation.

Section 2 describes the Closest Point Projection algorithm and its application to the
implementation of the Bounding Surface model. The Closest Point method is a general
three dimensional methodology for implementing constitutive models and was originally
developed in nonlinear optimization theory.

The Reduced Newton algorithm is described in Section 3. It is a specific Newton-
Raphson-based method applied to the Bounding Surface model and reduces the number of

differential equations to be solved at the innermost iteration level.




v Section 4 compares both the Closest Point and Reduced Newton methods as well as
the original trapezoidal implementation to numerically “exact” solutions of the constitutive
equations. Exact solutions include stress paths that both start on and within the bounding
surface and highlights the behavior of the solution methods.

Section 5 describes the implementation of the Reduced Newton model into the
DYSAC?2 finite element computer program. Implementation issues are discussed. The
resulting code is then applied to the solution of a realistic geotechnical engineering problem.

Conclusions and recommendations are given in Section 6.
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1. Bounding Surface Plasticity Model for Clays

The Bounding Surface plasticity concept was first introduced for modeling metals at
the University of California at Berkeley (UCB) in the mid 1970’s [Dafalias and Popov,
1975]. The concept was applied to clays at the University of California at Davis (UCD) in
the early 1980’s [Dafalias and Herrmann, 1980a; Dafalias et. al. 1980b; Dafalias et. al.,
1980c; Dafalias 1980d; Dafalias and Herrmann, 1980e; Dafalias et. al., 1981; Herrmann,
et. al., 1982; DeNatale, et. al. 1983; Herrmann, et. al. 1983a; Herrmann and Mish, 1983b;
Herrmann, et. al. 1983c; Herrmann and Mish, 1983d; Herrmann and Mish, 1983e;
Herrmann, et. al., 1985; Kaliakin, 1985; Shen, et. al., 1986; Dafalias and Herrmann,
1986; Herrmann, et. al., 1987]. A single ellipse model with an associated plastic flow was
developed for clays in the mid 1980’s [Kaliakin, 1985; Herrmann, et. al.; 1985; Herrmann,
et. al., 1987]. The model was validated using traditional soils tests and centrifuge tests
conducted at UCD [Herrmann, et. al., 1982; Herrmann, et. al., 1987]

The following sections describe the Bounding Surface model and the plasticity
framework in which it resides. Section 1.1 briefly lays out the classical plasticity
framework for associative flow. Section 1.2 discusses the Bounding Surface Plasticity
concept. Section 1.3 describes the nonlinear elastic volumetric relationship, Section 1.4
presents the single ellipse Bounding Surface, Section 1.5 details the hardening function and
Section 1.6 describes the plastic modulus. This work was developed at UCD for clays
[Kaliakin, 1985] and is provided for reference. A small modification is made in the
hardening function to avoid numerical difficulties in Section 1.5. A new relationship for
the loading surface is given in Section 1.7 that lays out the Bounding Surface model in a
more conventional classical plasticity framework. Finally, a modification to improve the

invariant form description of the model [Kaliakin, 1985] is described in Section 1.8.




1.1 Classical Plasticity Framework for Associative Plasticity

Before introducing the Bounding Surface Plasticity model, the classical plasticity
framework using the associative flow rule [Dafalias, 1990] is presented in this section.
Classical plasticity assumes that the material has a region of elastic behavior within which
Jloading followed by unloading returns to the original state. During loading, however, if
the stress reaches a defined stress state, known as the yield surface, the material begins to i
yield or permanently deform. This yield surface in one dimension consists of two points
and is shown on a simple stress-strain diagram in Figure 1.1-1. Unloading after yielding
does not return to the initial state, but leaves a peﬁnanent deformation and possibly residual
stresses. The process of yielding can also redefine the size, shape and/or location of the
yield surface, as shown in Figure 1.1-1. In this case, the change in the surface is a result
of the yielding and is a function of the stress and/or strain history. The history of the
change in the surface at a particular material point is described by the values of one or more
internal variables. The yield surface can also be described by a number of external
variables that are functions of temperature, humidity, age and other conditions. The
mathematical framework for this classical plasticity model will be described below.

The yield function for a classical plasticity model is shown as a one-dimensional
surface in Figure 1.1-1. For more complex analyses (two- and three-dimensional) the yield
function is described in stress space as a multi-dimensional surface (see Figure 1.1-2). The

internal variables not only describe how the surface grows, but how it translates, changes

shape and/or orientation. The yield surface is a function of both the stresses and the




internal variables, and is given as:
flo.q)=0 (1.1-1)

where f=yield function
T
o = vector of stresses, [O'X,O'y,O'z,Txv,m]

q = vector of internal variables, [¢,,g,, ] -

Definition of the yield surface places some restrictions on the stresses. Stress states
can lie within the surface (elastic region) or on the surface itself (plastic or, if unloading,
elastic). They cannot, however, exist outside of the surface. This can be easily seen from
Figure 1.1-1.

The strains are assumed to decompose into elastic and plastic portions. This
kinematic assumption describing the additive nature of the elastic and plastic strain rates is

given as:
e=¢+¢’ (1.1-2)
. ) .. T
where € = vector of total strain rates, [8x,8v,sz,yxy,. . ]

&° = vector of elastic strain rates
£” = vector of plastic strain rates.

The strains are described in terms of rate equations (i.e., they evolve over time)
because time incorporates the history of the plasticity. Time can also allow for a viscous

behavior although this is not included in this study. The stress rate is a function of the
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elastic strain rates only and 1s given as:
G=Cé&=Cé-¢) (1.1-3)
where 0 = vector of stress rates

c, C

xx Xy

C = elastic constitutive matrix, | C,, C,,

Equation 1.1-3 describes how the stress rates are proportional to the elastic strain i
rates. As in the one dimensional case, elastic loading and then unloading will return to the

same state. When the stresses reach the yield state (Equation 1.1-1), plastic flow
commences (i.e., plastic straining begins). Plastic flow is described by the increase in the

plastic strains and is given by the following rate equation:
¢" =y N(o,q) (1.1-4)

where Y= plasticity parameter; y> O, for plastic flow (f= 0), and
y= 0, for elastic loading or unloading (f < 0)

N(o, g) = a function describing the plastic strain directions.

The associative flow rule assumes that the direction of plastic flow is perpendicular }
to the yield surface which is described in stress space (Equation 1.1-1). The rate equations
for the plastic strains are therefore a function of the yield surface and are given as:

é”=y% (1.1-5)

where

i
do

T
= vector of yield function derivatives | i.e., [8— —Qf—} .




The change in the internal variables can be described in terms of rate equations

which are given as:
g=7v h(o.,q) (1.1-6)
where  h(0,q) = direction of internal variable rates.

Because of the restriction that the stress state cannot exist outside the yield surface
(Equation 1.1-1), during plastic flow the stress point must remain on the surface. This is

described mathematically as the consistency condition and is given as:
f=0 (1.1-7)

Applying the consistency condition to the yield state (Equation 1.1-1) and applying

the chain rule results in:

i' 4 ; 0 (1.1-8)

300+8_qq=

Substituting in Equation 1.1-6 into Equation 1.1-8 results in and expression for the

plasticity parameter in terms of the stress rates and is given as:

1 (d . '
=—|——0 1.1-9
=% ( P ) (1.1-9)
where K, = plastic modulus = -(—g—) h.
q ).

The plasticity parameter can be expressed in terms of the strains by substituting

Equations 1.1-3 and 1.1-5 into Equation 1.1-9. This is given as:

)
w35

(1.1-10)

11
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Combining Equations 1.1-3, 1.1-5 and 1.1-10 results in the expression for the

plastic constitutive matrix. This is given as:

@2

o)< (%)

where  H(7y) = Heavyside function; H(y) =0, y<Oand H(y) = 1, y> 0.

£ (1.1-11)

6=|C+H(y

In classical plasticity, a plastic step occurs (for a stress point starting on the yield
surface) when a strain increment produces an elastic stress state outside of the yield
surface. This is mathematically given by a positive plasticity parameter (Equation 1.1-10).
The plastic step requires integration of Equation 1.1-11 (note that the rate equations for the
plastic strains and internal variables were used in the derivation of this equation).
Numerical integration techniques, such as the backward and forward Euler and the
trapezoidal methods, provide approximations for these integrations. The consistency
condition (i.e., enforcing the stress point to remain on the surface) is satisfied indirectly
through the plasticity parameter and an accurate integration. Since the integration is an
approximation, the resulting integration error often fails to satisfy the consistency condition

exactly.
1.2 Bounding Surface Plasticity Concept -

The Bounding Surface Plasticity concept was introduced at the University of
California, Berkeley in the 1970’s [Dafalias and Popov, 1975]. The motivation for the
concept was the observation that for most materials any stress-strain curve (including
reversals) eventually converged to well defined “bounds” in stress-strain space. These
bounds cannot be crossed but can change position during loading. An additional

observation was that the rate of convergence of the stress-strain curve to the bound

appeared to be a function of the distance of the current state from the bound. This concept




can be described with a typical uniaxial stress-plastic strain response shown in Figure 1.2-
1. As the stress approaches the bound, its rate of convergence or its uniaxial plastic

modulus (E”) decreases until it becomes tangent with the bound. The modulus is therefore

- a function of the distance between the current stress state (0) and the “image” stress (0 ) on

the bound.

The bounding surface in multiaxial stress space is described in a similar manner to a
yield surface in “classical” plasticity (i.e., stress points can exist on and within, but not
outside the bounding surface). The unique feature of the bounding surface concept is that
there is a gradual transition from elasticity to plasticity (i.e., plasticity can occur within the
surface), unlike traditional yield surface models where plasticity occurs only when the
stress point is on the surface. To accomplish this, the theory incorporates particular
features that allow it to operate within the classical incremental plasticity framework. These
features will be discussed in the following paragraphs.

‘Bounding Surface Plasticity was developed at UCB [Dafalias and Popov, 1975] as
a means for introducing a gradual transition from elasticity to plasticity. The bounding

surface is defined in stress space and is given as:
F(6.9)=0 (1.2-1)
where  F =bounding surface function |

o = vector of “image” stresses.

The bounding surface can also have an elastic nucleus defined within it. The
current stress point defines another surface known as the loading surface. These surfaces
are shown in Figure 1.2-2.

For “classical” associative plasticity, the plastic strain rates are a function of the
plasticity parameter and are perpendicular to the yield surface at the stress point (Equation

1.1-5). For stress points within the bounding surface this information is defined by

13
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drawing a line from a projection center (ct) through the current stress point and projecting

this to a point on the bounding surface (see Figure 1.2-2). This is known as the mapping
rule. The normal for the plastic strain rate is taken at this “image” stress point on the

bounding surface. The strain rate is defined as:

. F

e =y L (122)
Jo

The mapping rule defines how the current stress is related to the “image” stress. It

is defined as:
oc=blo-a)+a (1.2-3)

where b = measure of distance between stress point and surface

o = projection center.

Note that b ranges from 1 (when the current and “image” stress point coincide) to oo

(at the projection center). This parameter also implicitly defines the location of the loading
surface. The evolution of the loading surface is discussed in Section 1.7.

The plasticity parameter is defined by applying the consistency condition to the
image stress points on the surface. For points within the bounding surface an equivalent

relationship is defined [Kaliakin, 1985] and is given as:

1 (F =) 1(oF .,
N (P P il 1.2-4
/ KP[QEGJ K,,(aaa) (1.2-4)

— oF . .
where K, = — — h = plastic modulus at the image stress point

O = image stress rate

K, = plastic modulus at the current stress point




O = current stress rate.

Equation 1.2-2 is the crux of Bounding Surface Plasticity. It describes how the
plasticity (via the hardening modulus) occurs within the bound. The plastic modulus at the
image stress point (I? p) is defined via the consistency condition, és in classical plasticity,
with Equation 1.1-9. The plastic modulus at the current stress point (K,), within the
bounding surface, is a function of K , (e, K, = K , for stress points on the bound) and

the distance to the bounding surface (b). This is defined in more detail in Section 1.6.
The following sections describe various aspects and modifications made to the

Bounding Surface Plasticity concept for clays [Kaliakin, 1985; Herrmann, et. al., 1985].
1.3 Development of Nonlinear Elastic Volumetric Relationship

The relationship of the elastic change in the void ratio (e) and the volumetric stress

(I) for unloading-reloading (URL) is modeled as a straight line in log-linear space

[Kaliakin, 1985]. This is shown as the K line in Figure 1.3-1. Because of problems

associated with I near zero in log space, a limiting value of the volumetric stress (7, ) is

given where the relationship is changed from log to linear. This is given as:

-1
dle Ut Vi (1.3-1)
de K

where I = volumetric stress (0, + 0, + 0;) (i.e., the first stress invariant)

de’® = elastic change in the void ratio

I, = limiting value of /

x = slope of unloading - reloading line.

The Macaulay brackets ( { ) ) imply that (n) =n if n>0and (n) =0 if n <0.

15
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This defines two separate mathematical regions:

1) the region of log-linear relationship between the void ratio and the volumetric
stress (I > 1)), and

2) the region of a linear-linear relationship (I < 1).
For this section, equations where I > I, are denoted as the “a” equations and I < /, are
denoted as the ’b* equations. The elastic void ratio differentials for the respective regions

are defined as:

de* :-§d1 (I>1)  (1.3-2a)
y |
det = -2 ar (I<l)  (1.3-2b)

The definition of specific volume (V) is defined as:

v=1+e (1.3-3)
Differentiating Equation 1.3-3 results in:
dv = de (1.3-4)

Equations 1.3-2 now can be written as the elastic increment in specific volume:

dv* = —%dl (1.3-52) )
dve = —]ﬁdl (1.3-5b)

!

where  dv‘= elastic change in specific volume.
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The increment in volumetric strain can be expressed in terms of the specific volume

for small strains as:

dve®
VO

40 = — (1.3-6)

where  dB° = elastic change in volumetric strain

v, = initial specific volume.

Substituting the increments of specific volume (Equations 1.3-5) into Equation 1.3-

increment;
d0° =" dr (1.3-7a)
Vol
do° =——dr (1.3-7b)
VOII

These relationships can be integrated from times ¢, to ¢, , to give the volumetric

6, the elastic increment of volumetric strain is given in terms of the volumetric stress
stress (/) in terms of the elastic volumetric strain (6 ©):

\

|

1, =1, %) (1.3-82)

; I, =pBIL(6,-6:)+1, (1.3-8b)
where f= Yo
K

1.4 Single Ellipse Bounding Function for Clays

The Bounding Surface plasticity concept was developed for clays at the University

of California at Davis (UCD) in the early 1980’s [Dafalias and Herrmann, 1980a; Dafalias
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et. al. 1980b; Dafalias et. al., 1980c; Dafalias 1980d; Dafalias and Herrmann, 1980¢;
Dafalias et. al., 1981; Herrmann, et. al., 1982; DeNatale, et. al. 1983; Herrmann, et. al.
1983a; Herrmann and Mish, 1983b; Herrmann, et. al. 1983c; Herrmann and Mish, 1983d;
Herrmann and Mish, 1983¢; Herrmann, et. al., 1985; Kaliakin, 1985; Shen, et. al., 1986;
Dafalias and Herrmann, 1986; Herrmann, et. al., 1987]. A single ellipse model with
associated plastic flow (Section 1.6) was developed for clays in the mid 1980’°s [Kaliakin,
1985:; Herrmann, et. al., 1985; Herrmann, et. al., 1987]. The model was validated using
traditional soils tests and centrifuge tests conducted at UCD.

The single ellipse bounding surface function is expressed in terms of stress
invariants and is given as:

-2
- ’ 2 - 2-R
F=1~+(R—1)~i - II+—1T (1.4-1)
N/ R R

where F = bounding function
I=bI-1)+1
I = first stress invariant (0,, + 0,, + O;;)
I.=ClI,

C = material constant defining the projection center location

I, = bound size (i.e., intersection of bound with volumetric axis)

J=bJ
J = second stress invariant = ./+s..5..

255y

2N,

N =
14N, —(1-N, )sin(3c)




34/3 3
o = lode angle = %sin'l[———;/——- (E) }

J
s N
S = third stress invariant =3/35,5, 5,
N{,‘
NL’C =
N

c

N, = slope of critical state line in extension (/-J space)
N, = slope of critical state line in compression (I-J space)
R = a parameter defining the shape of the ellipsoid.

The bounding surface for clays is shown in Figure 1.4-1
1.5 Development of the Bounding Surface Hardening Relationship

The form of the relationship for the normal consolidation line [Kaliakin, 1985] is

similar to the elastic relationship (Equation 1.3-1) and is given as:

dly _ L=I)+1 (1.5-1)
de A '

where I = bounding surface size
e = void ratio

A = slope of normal consolidation line.

This is shown in Figure 1.3-1 as the A line. The change in the void ratio can be

decomposed into an elastic and plastic portion:

de = de + de” (1.5-2)

where  de” = plastic change in void ratio.
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Combining Equation 1.5-1 with Equation 1.3-1 (note that Equation 1.3-1 is valid

for I = I ) results in a relationship between the bounding surface size and the plastic void

ratio and is:

dl, :_(10—1,)+1, (15.3)
de” A—K .

In prévious work [Kaliakin, 1985] the plastic void ratio is used as the internal

variable. The relationship describing its evolution is based upon an associative flow rule

[Kaliakin, 1985] and is given as:

de = —3v0y§ (1.5-4)

where v, = initial specific volume = (1 + ¢,)

I = volumetric image stress.

Equation 1.2-1 can be rewritten in terms of volumetric stress and strain as:

oF
de’ =y— 1.5-5
75 ( )

Combining Equations 1.5-3, 1.5-4 and 1.5-5 results in an expression relating the

plastic volumetric strains to the bounding surface size. This is given in differential form as:

(I,-1))+1,
A—x

dl, = 3v, do’ (1.5-6)

Once again, the Macaulay brackets indicate two possible integrations, where I > 1,
and I < I, However, when finding exact solutions (i.e., given a change in /, and
calculating the plastic volumetric strains, see Appendix C), it was noted that when I, </,

the magnitude of the tensile volumetric strains could not exceed a given value. This1s a

result of the mathematics and not an observed phenomena. Therefore, for this study the

Macaulay brackets are eliminated in Equation 1.5-6 (this is consistent with the Closest




Point Projection application to the Cam-Clay model [Simo and Meschke, 1993]). (While
this step may seem arbitrary or approximate, it must be remembered that the introduction of

I, was itself quite arbitrary). The differential of the bounding surface is now defined as:
dl, =31, dO" (1.5-7)

vO
A-k

where &=

Integrating Equation 1.5-7 between times 7, and ¢, ,, results in an expression for the

bound size in terms of the plastic volumetric strain:

;=1 £l (1.5-8)

Ol Oy

1.6 Plastic Modulus for Single Ellipse Bounding Function

In classical plasticity the plastic modulus is determined for a stress point on the
yield surface via the consistency condition (Equation 1.2-3). This is facilitated by the fact
that the stress point is on the surface and the yield function derivatives can be defined
directly by enforcing the consistency condition. In Bounding Surface plasticity the plastic
modulus must be defined within the bounding surface and can not be directly obtained.
The behavior of the modulus can be described by considering a line from the projection
center to the bounding surface. The modulus is a function of the distance from the bound.
It becomes infinite at the elastic nucleus (and within) and approaches the classical plastic

modulus definition at the bounding surface. The general expression for the plastic modulus
(k_ p)on the bound, at the “image” stress point, is given by Equation 1.2-4 and can be

expressed in terms of the internal variable 1, as:

R
K =————h 1.6-1
PT T (1.6-1)
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The variable # is defined by the rate equation of the internal variable, (see Equation
1.1-6). Substitute Equation 1.5-5 into 1.5-7 and noting the form of the rate equation for

the internal variable (Equation 1.1-6), h is given as:
oF
h=-31,6— 1.6-2

Combining Equations 1.6-1 and 1.6-2, the plastic modulus at the “image” stress

can be expressed as:

aF JF
=31 1.6-3

The plastic modulus (K, for points inside the bounding surface was developed for

the single ellipse form of the Bounding Surface model for clays by [Kaliakin, 1985]. The
modulus is a function of the plastic modulus at the image stress point (K ) and the distance

to the bound (b). It is defined as:

K, =K, +&p,,|a"h +(1-2" hﬂ][ (‘”Slgn( ok 'n"m
GRS l==n

where  p,,, = atmospheric pressure

(1.6-4)

JR
7=—
NI,

m = positive material constant

2n n

h(e) = 1+n-(1-n)sin(3ax) *

22




h, = (%)= value of  in triaxial compression

h, = hl(__%) = value of A, in triaxial extension

n, = p-direction component of unit outward normal in triax space

h, = shape hardening parameter for states near the volumetric axis
s, = parameter defining the elastic nucleus (sp = 1).

On the bounding surface (i.e., b = 1) the plastic modulus is the same as the image

modulus (ie.,K, = I?p). As one moves toward the projection center (i.e., b — o) the

value of the term in the Macaulay brackets (( >) goes through zero and then negative (if s,

> 1). Recalling the convention for the Macaulay brackets, the plastic modulus becomes
infinite as b approaches the projection center or the edge of elastic nucleus. The elastic

nucleus is defined by s, and is given in terms of the distance to the bound by:

s
=—2 ‘ (1.6-5)

elastic ~
s, — 1

where b, . = defines the edge of the elastic nucleus.

elastic

For stress points within the elastic nucleus, use of the Macaulay brackets assures that the
plastic modulus remains at infinity.

This form of the plastic modulus was defined to capture overconsolidated clay
behavior and to give appropriate behavior near the critical state line. For further discussion
on the development of this expression, the reader is directed to previous work on the single

ellipse Bounding Surface model [Kaliakin, 1985].
1.7 Development of Rate Equation for Loading Surface

The loading surface is the surface on which the stress point resides inside the

bounding surface. The loading surface has not been explicitly defined in the bounding
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surface literature but is required for any return method algorithm. The development of the

rate equation for the loading surface begins with the definition of the image stress in

invariant space:
I=b(I-1)+1, (1.7-1)

where [ =CI,

C = projection center constant

b = measure of distance from the loading surface to the bounding

surface.
J=bJ (1.7-2)

o= (1.7-3)

Differentiating the image stress invariants with respect to time yields:

T=8(1-1)+b(i-1)+1, (1.7-4)
T =b(J)+b(J) (1.7-5)
a=a (1.7-6)

where I = C(iﬂ).

The plasticity parameter (Equation 1.2-4) can be expressed in terms of the

invariants as:

ol aJ 0 ol aJ b dux

y::l—(a—lfh-aii+a—F&')=_1_(§5j+§f-j+1§5a) (1.7-7)
K, K,




Substituting Equations 1.7-4, 1.7-5 and 1.7-6 into the first part of Equation 1.7-7

yields:

OF oF OF . OF . 10F |
K b I—-1 —J |+b I+—J+ +(1-b _I 7-
2 (az( 5 ] (az T o ) (1-b) (1.7-8)

The terms in the second parentheses (multiplied by b) is recognized to be the
plasticity parameter times the hardening modulus (i.e., the second term of Equation 1.7-7)

which simplifies Equation 1.7-8 to:

(1- I)+§I;J]+y1{ +(1—b)~—I (1.7-9)

oF

K b
o’ (az

Recall that the projection center was defined in Equation 1.7-1 as I, = CI,
Combining Equations 1.5-5 and 1.5-7 (written in rate form) with Equation 1.7-1 results in
the expression for the rate of the projection center parameter:

I, JF
A—x o

I.=3yCyv, (1.7-10)

Substituting Equation 1.7-10 into 1.7-9 the rate of the loading surface (b) is

obtained as:
K,—bK —3Cv,(1-b) L, (—8—5)2
bz ? K ° ll—K' 87
! (1- I)BF 19_’;"
oI JdJ (1.7-11)

1.8 Improved Invariant Form

The model uses the associative flow rule in which the strain direction is given as the
perpendicular to the bounding surface (i.e., the first derivative of the bounding function

with respect to the image stress). Since the bounding function is given in terms of stress
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invariants, this derivative is given via the application of the chain rule:

OF OF o OF d] OJF oo
T ==t ==t = (1.8-1)
Jdo, Jl do, dJ do, O dJo,

The lode angle (¢) was used for the third invariant in previous work on Bounding

Surface plasticity [Herrmann, et. al., 1985; Kaliakin, 1985] and Cam-Clay [ABAQUS,

1994] because of its easy visualization in the m-plane. The partial derivatives of the

bounding function (F) with respect to the invariants can be expressed as:

a—€=2i—g—lo (1.8-2)

al R

OF » J

— =2(R-1)" — 1.8-3

= = 2AR=1)" 5 (1.8-3)
T

I _OFN _yp_ gl (12N, )oos(30) (1.8-4)

da  oN da N,

The partial derivatives of the invariants with respect to the image stresses are given

as:
g _s
—=9;
do . (1.8-5)
al _ Sy
Jo, 2J (1.8-6)
o NE) 1 s?
J0. - 2Jcos(3a){?(sm% _%?Sljj_%&]} (457
i
—ESQSE
where 6 6




Numerical difficulties occur at the endpoints of the lode angle (i.e., x= +%)

because the term, cos(3¢) = 0. The value of the derivatives associated with the lode angle

at the endpoints are:

oF
Z -0 1.8-8
£ ( )
do
—— =00 1.8-9
5, (1.8-9)

The problem lies in the fact that ¢ is discontinuous at these endpoints. This can be

resolved for the first derivative by realizing that the cosine term cancels out when Equations
1.8-8 and 1.8-9 are multiplied together. Second derivative terms (as required by the

Closest Point algorithm), however, do not have this obvious fix. Another approach to this

problem is noting that ¢ is not used directly in the functional but is used within

trigonometric functions which are continuous. A new variable is defined as:
U = sin(3a) - (1.8-10)
Equation 1.8-1 can now be written in terms of this new variable as:

OF _OF JF I  OF
d, ol do, dl 95, ouda,

(1.8-11)




The derivatives associated with the third invariant (Equations 1.8-4 and 1.8-7) can

now be written as:

oF ,J'(1=-N,

Z —(R-1)— = 1.8-12

L (-1 {0 (1812

du 3|1 s

875=E[F(sikskj—%7sqj~§5g} (1.8-13)
i

This form eliminates the cos(30) term in the first derivatives and thus avoids

division by zero. It also has the added benefit of eliminating the cos(3a) term in the second

derivatives (see Appendix A).
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Figure 1.1-1. Plastic Stress-Strain Diagram.

Figure 1.1-2. Yield Surface in Principal Stress Space.
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Figure 1.2-1. Uniaxial Bounding Surface Plasticity.
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Figure 1.4-1. Single Ellipse Bounding Surface Model for Clays.
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2. Closest Point Projection Method

The Closest Point Projection method was introduced to computational plasticity by
the late Professor Juan Simo of Stanford University in the early 1990’s [Simo and Hughes,
1990, Simo and Meschke, 1993]. The method was developed within the classical plasticity -
framework and uses the Newton-Raphson method in the implicit integration of the rate
equations and the satisfaction of the consistency condition. As with any Newton-Raphson
method, a guess in the “neighborhood” generally results in quadratic convergence. The

method has proven to be extremely fast in J2 Flow models [Simo and Hughes, 1990].

In order to employ the Newton-Raphson method, the algorithm requires that the |
yield function be twice differentiable and the internal variable rate equations be
differentiable. Creation of this local “Jacobian” requires additional calculations, but
improves the convergence. The local “Jacobian” also provides the framework for
developing the algorithmically consistent tangent moduli [Simo and Taylor, 1985] that
improves global convergence.

To remain consistent with Professor Simo’s work, the differential form of the
equations is used instead of the rate form (d/ instead of I) throughout this section.
Sections 2.1 and 2.2 lay out the framework for the stress point algorithm and the consistent
moduli, respectively, for a simple elastic-plastic model. Sections 2.3 and 2.4 describe the
stress point algorithm and the consistent moduli for a general plastic model with internal
. variables. Section 2.5 extends the general model using explicit-implicit integration.
Finally, in Section 2.6, application is made of the Closest Point method to the Bounding

Surface Clay model.
2.1 Derivation of Closest Point Stress Point Algorithm (simple model)

To lay out the framework for the Closest Point method, a simple elastic-perfectly-

plastic model with an associative flow rule will be used. This will provide insight and




facilitate the application to more complex models such as the Bounding Surface Clay

model.

The yield function for the simple model is a function of the stresses only and is
given as:
f=f(c)=0 (2.1-1)

where  f=yield function

O = stress vector.

The associative flow rule assumes that upon plastic flow the strains flow in a
direction perpendicular to the yield surface [Dafalias, 1990] which is described in stress
space. Thus, the rate equations for the plastic strains are a function of the yield surface (see
Equatipn 1.1-5) and are given as:

~ J
P — -
£ Y (2.1-2)

where  y= plasticity parameter

= vector of yield function derivatives.

74
do
The desired result of a constitutive algorithm is the stresses at the end of the step

(0,,,) given a set of strains (€,,,). The stresses are a function of only the elastic strains for

this simple model and are written as:

n+l n+l

c,,=C¢,=C (s —8,{’+1) (2.1-3)

where o = vector of stresses (i.e., [ 0, O, 0, T, 9.

Beside the stresses at time ¢, , ,, the plastic strains are unknown. In order to

n+l1°

determine these, the rate equations (Equations 2.1-2) are integrated between times ¢z, and

33




34

t.,, using a backwards Euler approximation. Backwards Euler was chosen because it
involves the end point values (i.e., at ¢, ,) of the various terms (e.g., plasticity parameter,
gradients, etc.). This facilitates a simple derivation of the Closest Point Projection method.

The approximation for the plastic strains is given as:

e =gl + y(—f{;) 2.1-4)
n+l

Note that 7,,, will be used for clarity throughout this section instead of the more

appropriate Ar Y| .

By adding and subtracting the plastic strains at the beginning of the step (£)) to the

strain terms in the parenthesis of Equation 2.1-3 and substituting in the right hand side of

Equation 2.1-4, the stress equations are given in terms of a “trial” stress and the unknown

plasticity parameter. The stress equations are given as:

O-n-t~1 = Gtrial - 'yn+l ¢ (%j (21_5)
o) n+l

trial __ P
where o7 =C (8n+] —€; )

Since the total strains at time £, , are given and the plastic strains at time ¢, are known from
the previous calculation, the “trial” stresses are in terms of known quantities and can be
viewed as an elastic prediction. The concept of the Closest Point Projection method is to
return the stresses back to the surface via the “closest projectioh.” This is shown in Figure
2.1-1.

Since the backwards Euler method needs terms evaluated at time ¢, , it requires

iteration. The Closest Point Projection method incorporates Newton-Raphson iteration not

only to solve the stress equations (Equation 2.1-3), but to enforce the consistency condition




directly. This is accomplished by first defining local residuals using the stress equations.

The local residuals are defined as:

R, =0,,-0"+7,,C [i) =0 (2.1-6)
ao- n+l

These residuals are differentiated at time ¢, , (implying that values at time ¢, are
constants) to give an infinitesimal increment of the residual. Note that the strains are
known at times ¢, and ¢,,, and therefore do not vary. Recall, also, that the yield equation in
this simple model (Equation 2.1-1) is a function of stresses only, and the plasticity

parameter is also a variable. The resulting differentiation is given as:

9* ~
an+1 = dGn+1 + dYnH (%) + yn+1 C (?%T{] dG,H] (2 1- /)
n+l n+1

The yield function (Equation 2.1-1) can also be differentiated at time ¢,,,. By

setting this equation to zero, a discrete form of the consistency condition ( f=0)is
established [Simo and Hughes, 1990]. This is equivalent to satisfying the consistency
condition at a finite difference point using a backward difference formula for the first

derivative. The yield function differential is given as:

df.., = (%) do,, =0 (2.1-8)
n+l

At this point the iteration counter k is introduced. Values at k = 1 are given as:

ol =0 O (2.129)
f®=f(o®) (2.1-10)

y® =0 | (2.1-11)
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kY __ (k) trial
Rn+1 - O-n+1 - o-n + }/

n+l &O-

(k)
) c(ij (2.1-12)

n+l

For elastic steps, the yield function (Equation 2.1-10) would be less than or equal
to zero and the trial stress would be substituted as the new stress. If the yield function
were greater than zero the Newton-Raphson iteration would be required to drive the yield
function (Equation 2.1-10) and residuals (Equation 2.1-12) to zero. It is interesting to note
that for the first iteration the local residuals are all zero except for the yield condition (f)
which is not satisfied.

A Taylor series expansion is made on the residuals and yield condition (Equations
2.1-12 and 2.1-10) at time ¢, and truncated at the linear term. This step amounts to a

derivation of the Newton-Raphson nonlinear solution algorithm. Both approximations are

set to zero:
R% +dR% =0 (2.1-13)
® +df) =0 (2.1-14)

To obtain accurate results, it is assumed that the step sizes are sufficiently small that
the differentials can be approximated with finite increments (i.e., AR, = dR") and

AFY) = df'¥)). This is required to assure accuracy of the finite difference approximations.

n+l n+

In addition, care must be taken in assuring that the global step sizes (and the step sizes used

in the local Newton-Raphson iteration) are small enough so that there is convergence at the

local level. This is often accomplished by including substepping at the local level.
Equations 2.1-7 and 2.1-8 are substituted into Equations 2.1-13 and 2.1-14,

respectively, and Equation 2.1-13 is multiplied by C "’ (assuming it exists). The resulting
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equations are given in incremental form as:

C~1R(k) +:(k) Ao-(k)

n+1 n+l1 n+l

(k)
+ay® (é’f_] =0 2.1-15)

1
n+ 80'

n+l

(k)
*f
=) _ -1 (k)
where S = C +’}/n+l(g

n+l

(k)
“M[ij Ao =0 (2.1-16)

n+l 86 n+l

n+l

Note that the = matrix is shown as an inverse matrix for clarity purposes in this section.

However, in the coding of the algorithm, standard matrix factorization and substitution 1s
usually used.
Equation 2.1-15 can be rewritten to solve for the unknown increment in stresses

given an increment in the plasticity parameter. The stress increments are given as:

n+l T n+l ao-

n+l

(&)
Ao = —Eﬁ?{c-lR,i’i’l A7 (i) } @1-17)

The increment in stresses of Equation 2.1-17 can be substituted into Equation

2.1-16 yielding:

) *)
'ff;_(_@c_) Ei’fl{c“ (f-)l+A’},r(lﬁ)l(%j }=0 , (2.1-18)

&G n+l
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Finally, Equation 2.1-18 can be rewritten to solve for the increment in the plasticity

par: ameter as:

(k)
f(k)_(@[) =k~ p)

- =—p+] n+1
90 ) (2.1-19)

a+l = 03) (k)
(i) =0 (_@c_j
—n+l
ao— n+l 80' n+l

The Closest Point method begins by calculating the “trial” elastic stress (Equations

2.1-5 and 2.1-9). This is tantamount to the first Newton-Raphson iteration starting with an

initial guess of an elastic step (i.e., A, = AC,,.)- If the yield function is greater than

zero, this stress point is taken as the first iterate. The yield function, derivatives and
residuals are then calculated at this stress point. These values are then inserted into
Equation (2.1-19) and the increment in the plasticity parameter is determined. The
plasticity parameter increment is inserted into Equation 2.1-17 to solve for the stress

increments. The unknown plasticity parameter and stresses are then updated via:

7,(1;:1) _ 7521 +A7,(1[i)1 (2.1-20)
Gﬁﬁl) - 0.2?1 +A0'ff+’1 (2.1-21)

The new stress point and plasticity parameter are used for the next iteration with the

process continuing until the yield function and stress residuals are within some tolerance of

zero. Recall (from Equation 2.1-4) that the plasticity parameter (7,,,) shown here is, in )

fact, At y]nH. The Closest Point stress point algorithm is described in Box 2.1-1 and the

behavior during iteration is shown Figure 2.1-2.




Box 2.1-1. Fully Implicit Closest Point Stress Point Algorithm (simple model).

1. Given: £,.,&,C
2. [Initialize: k=1, y@ =0, ¢ =g’
3. Calculate elastic prediction: "™ =C (e, —¢7)

4. Calculate yield function and local residuals:

' @C (k)
B=feh)  RG=ol-omayy [ L
: (o] n+l
5. Test for convergence: IF (£ < TOLER, AND [R) <TOLER,) EXIT

6. Compute the derivatives and assemble matrices:

!
[ij(k) _ @[(O‘r(li)l) = _ C__I +y(k) 82f
80_ . (90-'(1’1)] n+l n+l (90_2 »

7. Obtain increment in plasticity parameter:

k)
(k) (_@i) = (k) C-l R

n+l T —n+l1 n+1
A (k) _ 80- n+l
yn+1 - @‘. (k) @C (k)
“n+l
(ao-)nﬂ 90 ),

8. Obtain increment in stresses:

@( (k)
®) _ = | -l p w( 9
Ao-m-l = T+l C Rn+1 +A7/n+1( O'j

. (k+1) __ 5, (k) (k) (k+1) _ (k) (k)
9. Update: 7, =%, +tAY,, O =0, 1tA0,,

n+l

10. Set: k «k+ 1,Go to step 4
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2.2 Derivation of Consistent Tangent Moduli (simple model)

When the Newton-Raphson algorithm is used to solve the global nonlinear
problem, a global Jacobian matrix is required. This global Jacobian matrix is an assembly

of element Jacobian matrices which, in turn, are composed of Jacobian matrices

constructed at the quadrature points. The accurate construction of the Jacobian matfix at the

quadrature point requires a matrix of derivatives of the stress component relative to the )
assumed strain increments. This matrix is given the name “consistent tangent stiffness

matrix” [Simo and Taylor, 1985] and must be supplied by the material routine. Recall,

however, that an “exact” Jacobian is not necessarily required for convergence, although it

generally improves the rate of convergence.

Derivation of the consistent tangent moduli will follow a framework similar to the
Closest Point stress point algorithm. For eventual comparison to the classical continuum
developed moduli, indicial notation is introduced in this section. The stress equations

(Equation 2.1-5) are given in indicial notation as:
- o
0. = Gf'nal =Y e G ( (2.2-1)
Yn+1 4 7/ ao.kl .

trial _ P
where 0% =Cy, (Sklm 8k1n>'

As with the stress point algorithm, the stress equations are differentiated at time

Jo; '
t ,,- However, since the tangent moduli (—" are the variation in stresses given a
€ )

n+l

variation in strains, the strain at time ¢, is not fixed. The differentiated stress equations

can now be given as:

82
do; = Cijid dgktm _d7n+1 Cijkl [ij Vel Cijkl ( f ) dGmnMI (2.2-2)
90y ) .. nal

Ynat

80—151 80-»1'1
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Both sides are multiplied by C  and rearranged to solve for the increment in
stresses. The stress increments are given in terms of the increment in strains and plasticity

parameter and are:

(2.2-3)

do;  =Z

dgkl,,,,, _d7n+1 (%)
K/ p+1

_ 9 f
— -1
where E,.,=|Cp,+7Y [———
ijkl ijkl n+l
96,00, ) .|

-1

The increment in stresses is inserted into the discrete consistency condition

(Equation 2.1-8). The resulting expression for the increment in the plasticity parameter

(dy,,,) can now be given in terms of the increment in strains. This is given as:

—2 = de
ol mnop 0Pyt
( a mn J".{._l

ay . = (2.2-4)
“abcd
aaab n+l 80—5‘1 n+l
Equation 2.2-4 is substituted into Equation 2.2-3 which now puts the stress
increments in terms of the strain increments:
J Emnnp dgop
= ac”‘" n+l " J‘
do'ij",l = Siu dgklm - 3 (2.2-5)
Ot ) a1

F |z [Z
acab n+l o aO-Cd n+l1

The consistent tangent moduli are determined by differentiating the stress
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increments by the strain increments at time #,,,. The moduli are given as:

:, [@‘ ] [@‘ =
ao‘i, _ jmn 8Gmn , aGU opkl
[ fj =Z, - A (2.2-6)
n+l

%, ¥\ - [
aaab n+l e ao-c‘l n+l

-1
r’f -
_ -1
where Sk = [Cijkl Y an (mjml:l .

The tangent moduli for the associative flow rule and elaétic-perfectly-plastic material

are derived using the classical continuum approach [Dafalias, 1990] independent of any

particular stress point algorithm. The resulting moduli are given as:

I )L
Ct}"mn ( ao_mn j ( a O-,),, j Capkl
D. (2.2-7)

ikl = Cijkl - o_f - F
aO-ab e &ch

where D, = tangent moduli derived from continuum plasticity.

The consistent tangent moduli developed by the Closest Point algorithm (Equation
2.2-6) results in terms that are consistent with the method used to integrate the stress point

algorithm. Upon comparing the moduli it is seen that the difference between the two

approaches for this simple model lies in the use of the = matrix instead of the elastic

constants. The = matrix depends not only upon the elastic moduli but also the plasticity

parameter and the second derivative terms of the yield function. Earlier literature has
shown that consistent tangent moduli usually result in faster global convergence [Simo and
Taylor, 1985] because they create an exact global Jacobian (unless other approximations

are made). Reduction in global calculations can result in significant cost savings if the

increased local calculations are not overwhelming.




2.3 Derivation of Closest Point Algorithm (general model)

Classical plasticity includes internal variables that describe the changes in shape,
size and location of the yield surface as plastic straining occurs. The general formulation of
the Closest Point algorithm was developed with the internal variables expressed in rate
form [Simo and Hughes, 1990]. The yield function for the general formulation is now

described in terms of the stresses and internal variables and is given as:
f=f(o.q)=0 2.3-1)
where ¢ = internal variables.

The rate equations for the plastic strains with non-associative flow and internal

variables are given in a general form as:

&=y N (2.3-2)
g=yh (2.3-3)
where N = N(0, g) = direction of plastic strains
h = h(o, gq) = direction of internal variables.

The plastic strain and internal variable directions are shown as functions of both stresses

and internal variables, although they can be a function of just one of these characteristics.
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The rate equations for both the strains and internal variables are approximated

between times ¢, and 7, , using a backwards Euler scheme and are given as:

817

n+l

=& +Y,.N,. (2.3-4)

qn+l = q'z + ’}/n+l hn+l . (23_5)

where N,,, =N(0,,, q,.,)

hn+l = h(o-n+]’ Qn-r])'

As in the stress point algorithm (Section 2.1), the plastic strains at time 7, (8,’: ) are

added and subtracted in the stress equation (Equation 2.1-3) and use is made of Equation
2.3-4. The resulting equation for stress is in terms of the “trial” stress (elastic prediction)

and is given as:

G =0 =Y,y C N,y (2.3-6)

n+
trial __ 4
where O = C(eﬂ+1 —E; )

The set of nonlinear equations to be solved consists of the stress equations
(Equation 2.3-6) and the internal variable equations (Equation 2.3-5). The local residual

vector for these equations is defined as:

trial
c.,.—-c“+y ,CN
R = [ ntl ntl n } =0 (2.3-7)

n+l
q’z+1 - qn _’}/n+] hn+l

The local residuals are differentiated at time ¢

n+l

to give the local Jacobian matrix.

Recall that the strain rates and internal variable rates can be functions of both stress and

internal variables. Again, since the strains are given for the stress point algorithm they are




The differentiated residuals are given as:

fixed at time ¢, ,.

do,,+dy,,CN,,+7,.,C (8_Nj do, +7..C _ai\’_ aq.,.,
ao- n+l aq n+l
dR . = =0 (2.3-8)

n+1

dh dh
d -dy . h ., — —_ do ., — — | d
441 Y i1ty =V i ( do )m wil ~ Vst ( dq ),,H 4 nt1

The yield function is differentiated at time z ,, and now includes the contributions of

both stress and internal variables. The discrete consistency condition is now given as:

df,., =(i) d0n+,+[5‘z] dg,., =0 (2.3-9)
80- n+l aq n+l1

To facilitate the general algorithm development, a number of matrices and vectors

are defined:
c 0 o N
0 -1 q h
F N oN 10
_| 9o _|do g _ )
Vf = oF Y= o I I =10 1 (2.3-10)
aq Jdo  dg
Equations 2.3-8 and 2.3-9 can now be written in matrix form as:
Azl +dy,h GZo+7,5 GY dE) =0 (2.3-11)
Vi d2,2 =0 2.3-12)

Substituting Equations 2.3-11 and 2.3-12 into the linear portion of the Taylor series

expansion and assuming a finite increment for the differentials (Equations 2.1-15 and
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2.1-16) results in:

R+ A3+ A7 G 285+ 7% 6 ¥ AT =0 313
VA AT =0 @314

Equation 2.3-13 can be solved for the increment in stresses and internal variables

yielding:

+Ay% z%)] (2.3-15)

n+l T n+l

Az, = -2%, [67RY
= _ [0 po]?
where u—[G + 71 Ynﬂ] :

As noted in Section 2.1, the inverse of the = matrix is shown for clarity, however,

standard matrix factorization and substitution would generally be used in the algorithm.
Finally, the increment in the plasticity parameter is determined by substituting Equation

2.3-15 into Equation 2.3-14 and is given as:

(k) _V (k) = G—l R(k)
Ay,(,ﬁ.)] — n+l n+1— n+l (23—16)
Vi 2205

n

As before, the Closest Point algorithm begins with the calculation of the “trial”
stresses (Equation 2.3-6). If the yield condition is positive, the derivatives and residuals
are calculated at this stress point. The increment in the plasticity parameter (Equation 2.3-
16) is evaluated, then the increment in stresses and internal variables are calculated from

Equation 2.3-15. The plasticity parameter, stresses and internal variables are then updated

via:

7,(1}:1) _ 7’51?1 + A)/(k) (2.3-17)

n+l

D) _ 3 ) 4 AT (2.3-18)

n+l n+l n+l
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The new stress point, internal variables and plasticity parameter are used for the
next iteration with the process continuing until the yield function and the local residuals are
within some tolerance of zero. The general stress point algorithm is described in Box 2.3-1

and shown graphically in Figure 2.3-1.

Box 2.3-1. Fully Implicit Closest Point Algorithm with Internal Variables

i . P
1. Given: £ &.,C
oy - (1)
2. Initialize: k=1 7y =0, &,=¢". ¢ =q,

3. Calculate elastic prediction: ¢ =C (g, —¢7)

4. Calculate yield function and local residuals:

c,,—0™+y,.,CN
f — f(O.,Q) R"H — n+l Yn+1 n+1}
Qney —4n — Yn+1hn+l

R(k)

n+1

n+l

5. Test for convergence: IF (£ < TOLER; AND <TOLER;) EXIT
6. Compute derivatives and assemble matrices:

— _ ~1

=0 =[6"+ri 1Y)

7. Obtain increment in plasticity parameter:

(k) (k) = (k) -1 p(k)
(k) n+l Vf G R

A,Y —_ n+l —n+l n+l1
n+l (k) =) (k)
an+1 “n+l Zn+1

8. Obtain increment in stresses and internal variables:

Az(k) _ =W [G—lR(k)

n+l T ~n+l n+1

(k) )
+AY Zr(:»l]
9. Update: y*P =y® + Ay® TED =50 4 ASH

n+l? n+l n+l n+l

10. Set: k <k + 1,Gotostep4
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2.4 Derivation of Consistent Tangent Moduli (general model)

Derivation of the consistent tangent moduli is somewhat more complicated because
the internal variables are now included. The stress and internal variable approximations

(Equations 2.3-6 and 2.3-5) are given as:

c,.,=0"-y,,CN, _ 2.4-1)

7P B Y (2.4-2)

where ¢ =Cl(e,, —€7).

Equations 2.4-1 and 2.4-2 are differentiated at time 7,,,. Recall that the tangent
moduli are variations in stress with variations in strain and therefore the strains at time 7,

are not fixed. The stress and internal variable differentials are now written as:

oN ON
do, =Cde,, —dY,, CN, —Vuu C (—a;) do,, =Y. C (E] aq,., (2.4-3)
n+l n+l
oh oh
dgn+1 = dyn-l—] hn+1 _}/n+l (a_] d6n+l _'}/n+l (_a__) dgn-H (24-4)
’ c n+l q n+l

Solving Equations 2.4-3 and 2.4-4 for the increments in stresses and internal

variables and writing in matrix form results in:

ds,, =-%,., [d&x+dy Z] (2.4-5)

h -_—
cre




‘Equation 2.4-5 can be substituted into the discrete consistency condition (Equation

2.3-12) and solved for the increment in the plasticity parameter as:

Vf;H»l En+l Xn+l (24'6)

Vf;H-l En+l Z

n+1

dYn-H =

Substituting the plasticity parameter (Equation 2.4-6) into Equation 2.4-5 results in
an expression for the increments in stress and internal variables in terms of strains.
Differentiating this expression with respect to strains at time #,,, provides the

algorithmically consistent tangent moduli for the general model:

En -
P |:.: } Vit Zoi [:11 :'12],,+1
88 n+l Vf;wl :‘n+l Zn+1
ON ON B
C'+7,., (*j Vns1 (—j = o=
where & . = Jdo n+l Bq el I e VR ¥
Sl T = = |
oh oh Sop S
7n+1 . _I+7n+l .
JC )i 9 ).,

Since the tangent moduli describe how the stress increment changes in relation to

the strain increment, the = matrix is partitioned (because it contains terms for both the

stresses and internal variables). It is important to note that the tangent moduli are generally

not symmetric since Z,, and Z,, are generally not equal. Because of the general lack of

symmetry, the entire matrix needs to be available and nonsymmetric solution methods are
required at the stress point algorithm level. It is worth noting that most “real world”
problems (e.g., large-deformations, slide-surfaces, etc.) are nonsymmetric even if the
constitutive relations are symmetric.

The unique case for symmetry comes when considering associative flow (for

strains) and what is coined as “associative hardening” (for internal variables). These are
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given respectively as:

= __._2 h= _._a 4-
N (2.4-8)

It must be noted that this symmetry is only possible when the elastic behavior is derivable

from an elastic potential so that the C matrix is symmetric. This condition, in conjunction

with Equation 2.4-8, results in a symmetric Z matrix, but introduces second derivatives of

both the yield function and the internal variable rate equations. The symmetric = matrix is

given as:

] > 5 " |
C : + }/n+1 [Egéj Yn+l (ao_afq]
n+l n+l (24_9)

n+l = 32f azf
7 -1 -
Yn+1 (aq&o-)nﬂ +y"+l (aqz n+l

Substituting this matrix into the tangent moduli (Equation 2.4-7) results in

[l

symmetric tangent moduli. Most material models, however, rarely include this “associative

hardening” and often, such as the case of the soil model considered here, do not have a

symmetric elastic matrix (C).

The tangent moduli for the associative flow rule and elastic-perfectly -plastic

material using the classical continuum approach [Dafalias, 1990] is given as:
(3)&)e
gf o e (2.4-10)
%(3)<(5)
7 \do do

where Kp =- (%) h.
q

D=C-

The differences between Equations 2.4-7 and 2.4-10 for the more general model is

not quite as simple as was the case in Section 2.2. The algorithmically consistent moduli




include additional derivatives from both the strain and internal variable rate equations. In

the continuum approach, however, the internal variables enter into the moduli only through

the hardening modulus (X)) in the denominator; whereas in the consistent moduli, they

appear in both the numerator and the denominator through the = matrix and the Z vector.

An approach for creating symmetric tangent moduli is given in the following

section.

2.5 Derivation of Closest Point Algorithm (implicit-explicit model)

An alternate formulation of the Closest Point algorithm is developed similar to the

general model, but involves treating the internal variable rates in an explicit fashion. The

rate equations for the plastic strains are approximated between times ¢, to ¢, as before

using a backward Euler form:

P
8n+l

_ oP
- En + }/n+l Nn+I

where N,,, =N(0,,, 4,.,)-

(2.5-1)

The internal variable rates, however, are approximated with the plasticity parameter

evaluated at time ¢

n+]

9ns1 =4, + Ym—l hn
where h,=h(0, q,).

The local residual vector is defined as:

R, = =0

n+l

|i6n+1 - Gmm Rl C Nn+1 j|
9,0~ 4, — Yn+]hn

but the direction evaluated at time ¢,. This is given as:

(2.5-2)

(2.5-3)
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The local residual is differentiated at time ¢ ,,. Recall that the internal variable rates

are evaluated at time 7, and, therefore, have no contribution. The differentiated residuals

are given as:

oN oN
do,, +dy,,CN,, +7,.Cl—| do,,+7V..,C|=| 4@
dR . = ! Vau ot ¥ (ao—jnﬂ SRR ( o jnﬂ e =0 (2.5-4)

n+l

dqn+1 - dj/nﬂ hn

Equation 2.5-4 is solved for the increment in stresses and internal variables
(Equation 2.3-15) and substituted into the discrete consistency condition (Equation 2.3-9).

The increment in stresses, internal variables and the plasticity parameter are given as:
— - k k) k
A = —:‘ﬁzkjl [G 1R1(1+)l +A/}/r(1+l Zr(H-)I] (2.5-5)

(k) (k) =(k) =1 plk) ,
Ay® = I+l "mel a0 G R (2.5-6)
Vo = me =0 k) :

n+l “n+l “n+l

where E=[G"+y Y]_l

oN
— 0
=| do :
0 O

The Y matrix with all the zeros is shown for discussion purposes. In the actual algorithm,

only the nonzero submatix would be stored and the number of actual calculations would be

reduced accordingly.

The consistent tangent moduli are obtained as in Section 2.4. Differentiating this




expression with respect to strains provides the consistent tangent moduli:

80' | E‘n+1 Nn+l (%j E.‘n+l
( j n+l (25_7)
n+l

. = En+1 -
88 (g—} En+l Nn+] - (QJ hn
o] n+l aq n

where Z= I:C’1 +Y it [g—NJ il .
9 n+l

Symmetric tangent moduli are obtained when both the strain rate functions and the

f

elastic moduli are symmetric (i.e., associative flow, N = —) Because the internal
o}

variables are evaluated at time ¢, “associative hardening” is not required for symmetry.
Comparing these moduli to the continuum moduli provides an interesting insight. The

continuum moduli for non-associative flow are defined as:

en(Z)e
(i)CN+KP

o0

D= (2.5-8)

where K, =- @: h.
dq
The consistent moduli appear similar to the continuum derived moduli (Equation
2.5-8) except for the second derivative terms, which are included with the elastic terms of
the consistent moduli. The contribution of the internal variables now appears in the

denominator for both methods. The difference is that the hardening modulus (K ) is

defined at time ¢

., for the continuum moduli and at time ¢, for the implicit-explicit

consistent moduli.

An additional modification can be made by updating the directions that are evaluated




at time 7, by directions calculated using the previous iterate as:

N, =N(c%.q57") (2.5-9)

n+l

h, =h(o™",q%7") (2.5-10)

n

2.6 Application of the Closest Point Method for Bounding Surface

Plasticity

The Closest Point method was developed in the previous sections for typical
plasticity models that are elastic within the yield surface. The Bounding Surface Plasticity
model, however, uses the surface not as a yield surface, but as a bound. The complication
in Bounding Surface Plasticity is that yielding can occur within the bound. With a clever
choice of internal variables the model can be set up to resemble a classical yield model.

This section will describe the establishment of the functions and their derivatives for the
Bounding Surface Clay model.

The approach used for this development is to separate the volumetric and deviatoric
components of the stress and strain relationships simﬂar to the Cam-Clay model [Meschke
and Simo, 1994]. This allows for developing the relationship between the volumetric
stress (I ) and the Bounding Surfaée size (I,), which will reduce the number of nonlinear
equations. The nonlinear elastic volumetric relationship is described in Section 1.3.
Because of the Macaulay brackets in Equation 1.3-1, there are two elastic regions
delineated by the transition volumetric stress (/). In order to remain consistent with
Section 1.3, the equations in this section where I > I, are again denoted as the (a) equations,
and the equations where / < I, are again denoted as the (b) equations. For this section, it is
assumed that the steps that cross the transition volumetric stress are sufficiently small that
the elastic relationships for each region will provide an adequate approximation for the step.

Separate equations for steps crossing the transition stress are developed later in Section

54




3.2. Rewriting the differential relationships of the volumetric strain and stress (Equation

1.3-7) in terms of the total and plastic strains yields:

da . =1

n+l n+l

B (d6,,, - der,,) (2.6-1a)

dl,, =1, B(de,, ~ae,) (2.6-1b)

n+l

As described in the previous sections, to formulate the initial “trial” stress to start
the Newton-Raphson iteration, an elastic prediction is made assuming no plasticity. During
' the plastic correction, the total volumetric strain is held constant. This results in the change
in volumetric stress, during the plastic correction, being written in terms of only the plastic

volumetric strain. This is given as:

dl,.,= —K,,, db,, (2.6-2)
where K, =-BI,., I>1)
K, =-B1, (I<1).

Because the total volumetric strain increment is fixed and applied in the first iteration, the
correction which involves the developing plastic volumetric strain is negative. It must be
noted that during the plastic iteration some plastic volumetric strain will be created and thus
change the elastic prediction in the next iteration (see Box 2.6-1).

The relationship for the internal variable (/) of the Bounding Surface model is
developed in Section 1.5. The differential relationship is given by Equation 1.5-7 and can

be written at time £, as:

d, =H,(Il)de’ (2.6-3)

[ n+l

Where Hn+l (I()):3Ian*, g
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Note that during the plastic iteration both the volumetric stress and Bounding
Surface size are related to the plastic volumetric strain (Equations 2.6-2 and 2.6-3).
Therefore, the differential in the Bounding Surface size can be written in terms of the

differential in the volumetric stress during the plastic iteration as:

g, =-Hegr 264

a+l
n+l

The plastic strain rates for the Bounding Surface model are defined in terms of the
plasticity parameter and directions given by the “image” stresses (Equation 1.2-2). .

Rewriting these rates in terms of volumetric and deviatoric strains gives:

. OF _
Py 2.6-5
0" =y 37 ( )
oF
p _ . O (2.6-6)
e Y &

where  é”= plastic deviatoric strain tensor
s = b s = deviatoric “image” stress tensor.

The Bounding Surface function (F) used for this study is the single ellipse model
[Kaliakin, 1985; Herrmann, et. al., 1985; Herrmann, et. a_l., 1987] as described in Section
1.4 (Equation 1.4-1).

As in the previous sections, the increments are approximated between times 7, and

t.,, with the backward Euler approximation, which results in:

oF :
0., =06 +7,. (—0‘?7),,,,1 (2.6-7)

ep+1 =e; +7Y +1 ('C?Ej (26'8)
n n n % "




Recall that the notation 7, , will be used instead of the more appropriate Az )/lm for clarity.

The deviatoric stress rates are defined in terms of the deviatoric strain rates and the

shear modulus (G) at time ¢,,, and are given as:
Sps1 == 2G,, €7, (2.6-9)

The rate equation for the loading surface (b) was developed in Section 1.7. For this
formulation of the Closest Point algorithm, the variable b will be treated as an additional

internal variable. From Equation 1.7-11, a backward Euler approximation yields:

bn+1 = bn + yn+1 gn+l (26“10)

— I 2
K,—bK,-3Cv,(1-b) —* (aF)

g = A—x\ I
where T oF OF
I-1)—+J—
( C)Bl oJ

n+l

The local residuals for the nonlinear equations are defined using the approximations

of the plastic deviatoric strains (e), the plastic volumetric strain (6) and the loading surface

(b). Rewriting Equations 2.6-7, 2.6-8 and 2.6-10 gives:

oF
Rn+1 = e:+1 - er{) £ (%) (2.6-11a)
n+l
Ry =00,=6] Y, (%1—;-) (2.6-11b)
n+l
8Rn+1 = er-l - bn - yn+1 8+l (26‘1 1C)

where R = residual equations for the six deviatoric strain expressions
’R = residual equation for the volumetric strain expression

¥R = residual equation for the loading surface (b) expression.
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Since the internal variable for the Bounding Surface size (I,) is expressed as a function of
the plastic volumetric strain (Equation 2.6-3), it will be incorporated later in this section and

will not be treated as a separate residual.
As in the general Closest Point framework, the residuals are differentiated at time

t ., noting that F is a function of the stresses / and s and the internal variables /, and b.

n+J?

The differentials of the residuals are given as:

I’F J’F J’F
an+1 = de:+1 - 7%1[%} dsn+l - 7%1(@} d[rH—l - 7n+1(£87 dl(),m
n+l n+l 0/ n+l

J'F oF
oy N b, —dy, | S
7/n+l(a§ab )n+l n+l }/n+l( £ jn-H

J°F J°F Jd°F
7dR = do’ — - ds - _— dl - —_— dl
n+l n+l }/n-fﬂl [af&]nﬂ n+l }/n+1 (alaljnﬂ n+l /}/n+1 (81810 » Opey

J*F oF
- — | db ., —d —
Yn+l (&’Iﬁbjm n+l ’}/uﬂ ( 81 j,ﬂ_]

og | dg dg
SdR ., =db,,, — (—j ds ., — (— ., - —=| d
n+l n+1 Yn+I 9 . n+l ’Yn-(»l (9] " n+l yn+l 810 » Opi1

dg
=7 (—Jb—)nﬂ db,.; — dY .. 8na

(2.6-12a)

(2.6-12b)

(2.6-12c)

The differentials of the plastic volumetric and deviatoric strains (i.e., de),,,d6; .,

can be expressed in terms of stresses by substituting Equation 2.6-2 and the differential

form of Equation 2.6-9 into Equation 2.6-12. The internal variable 7, is incorporated by

substituting Equation 2.6-4 into Equation 2.6-12. The substitutions result in equations that
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are expressed entirely in terms of stresses and internal variables and are given as:

I o*F J’F H J*F
dR,., =—|5+y—| ds,,, — -— dl
n+l [ZG y&?&sjm s y"“(&?&l Ko"'s'&’],)]n“ nl

5 3 (2.6-13a)
F F
—y ==\ db. -dy,.|*=
Yn+l[£ab]n+l n+l ’}/n+l(£jn+l
*F 1 J*F H J°F
7dR =— —_ ds , —<—+ —_— — — — dl
n+l ’}/n+l (3]&9}“] n+l {K 'y (8]0-)1 K 81810 j } n+l
X ™ (2.6-13b)
0°F oF
- _— b ., —d —
’}/n-i-l (alabjnﬂ n+l /)/Il'f‘l ( 8] jnﬂ
og dg H 0g
"dR,, =~ (——) Sy~ V| =———=| dI
n+1 ’}/n+1 as . n+l Yn+1 aI K 810 " n+l
7
+ (1 - '}’b%)nﬂ ab,.; =AY i1 8 ‘ (2.6-13¢)

The Bounding Surface function (F) is differentiated noting that it is a function of's,

I, 1, and b. This differentiation results in the discrete consistency condition which is given

as:

oF oF oF OF
dF =|==| ds,,+|\—| dl,+ - | d, + =] db.,=0 ]
(&, )n‘“ n+l (81 )'H-l n+l (81 j y Opst + ( ab)n-” n+l (26 14)

o /n

Recalling the relationship between I and I, (Equation 2.6-4). Equation 2.6-14 can

be rewritten as:

oF OF HOF OF
aF=|Z| ds +| Z-ZZ | ar,+Z| ab, =0 )
( aS )”H i [ 81 K &Io ]n-f-l " (8b jn-f—] " (26 15)




The residual differentials and discrete consistency condition can be written in matrix

form as:
an _An+l dZnH d7n+1 Zn+1 (26"16)
VEY d3% = (2.6-17)
where X, =[s I B]m
oF oF
Zn+lz[_ = g:|
C% 81 n+l
(k)
vpo | (F_HF) O
s \d K, b
Ly (FF) __(PF _HFF _(FF)]
26\ Fos Y\ &a K &a "\ &
P J’F 1 (PF HIPF) (IF
25 T g x \aa xaa ) TG
3 FF 6
AP "o T xa, @)

The Jacobian matrix (A) can be simplified by noting that the second derivatives

involving orthogonal directions (i.e., I and s or /, and s) are zero. The matrix is reduced

to:

[ 1, [(O°F 0 O*F
26 '\ o AT
1 J’F H °F J*F
L 0 - _— 22

Ao K y(&l&l K&I&IOJ 7(&1%]
8g) (85' H&g) (&’gj

—7(— -y =-= I

I o a Ko, ob e (2.6-18)
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The second derivatives of the Bounding Surface function (F) are derived in
Appendix A. Because of the complex form of the b rate equation (Equation 2.6-10), the
derivatives of g are approximated with finite difference formulas.

As in the previous sections, both the residuals and consistency condition are
linearized (i.e., Taylor series expansion to the linear term) and set to zero. The assurhption
is made that step sizes are sufficiently small so that the differentials can be approximated

with finite increments. The resulting equations, including an iteration counter (k), are

given as:
%+ ARY, =R, +(47))) Azt +a78, 2%, = 0 2619)
F+VED AZD =0 (2.6-20)

Equation 2.6-19 is rearranged to solve for the unknown increments in s, / and b,

and is given as:

n+l n+1

AZ® = —A% [R+Ay Z)" - (2.6-21)
Equation 2.6-21 is substituted into Equation 2.6-20 and solved for the increment in

the plasticity parameter (Ay), resulting in:

A (k) — F;l(fl) _VFIEf»)] Ar(l,j-)l Rr(llfl-)l (26"22)

Yn+l VF(k) A(k) Z(k)

n+l n+l n+l

Once the increment in the plasticity parameter is obtained, the increments in the
stresses (s and I) and internal variables () are found with Equation 2.6-21. The internal
variable (I,) representing the Bounding Surface size is indirectly included via the plastic

volumetric strain (Equation 2.6-3). The increments in plastic volumetric and deviatoric




strains are calculated using Equations 2.6-2 and 2.6-9 and are given as:

Ae? T 1 1TP Tas®
== — (2.6-23)
AG” 2G K Al

n+l n+l

where 1=[1 1 1 1 1 1].

The plastic strains and internal variable (b) are then updated during the iteration by:

e::‘” = e:: + Ae:r; (2.6-242a)
or. =0r, +A8", (2.6-24b)

B = p) L ApR) (2.6-24c¢)

n+l n+1 n+1

The elastic “trial” stress is calculated with the plastic strains initially set to the values
at the end of the last global step. The values of I and I, are calculated with Equations 1.3-8

and 1.5-8, respectively. The deviatoric stress (s) is calculated at time z,,, by:
$,1 = 2G, (en+1 —e:ﬂ) (2.6-25)

The Bounding Surface function (F) is evaluated with the “trial” stresses and the internal
variable (b) initialized with the value at time 7,. If F is less than or equal to zero, the step is
elastic and the new stresses are sent back to the main routine. It is important to note that the
internal variable (b) is a measure from the current stress point to the Bounding Surface and
has to be recalculated elastically (not evolved), even for an elastic step. If F is greater than
zero, the trial stress state is used as the initial guess for the plastic iteration. A case that is
unique to the Bounding Surface model occurs when the elastic “trial” step is outside of the
elastic bound but does not go outside of the Bounding Surface. Treating the stress measure

(b) as an internal variable allows for proper evaluation of the consistency condition. Using

the “trial” stresses and b evaluated at time ¢, results in the image stress state (Enﬂ) being

outside of the bound (F > 0), thus indicating plasticity. This is shown graphically in
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Figure 2.6-1. The plastic iteration begins evolving the plastic strains and the internal

variable (now using Equation 2.6-10) and continues until the value F is less than some
tolerance associated with the Bounding Surface function and the norm of the residuals is
less than some tolerance associated with the residuals. At convergence the image stress
state coincides with the bounding surface. The plastic algorithm is shown in Box 2.6-1.
The algorithmically consistent tangent moduli are the same as described in Section 2.4

(Equation 2.4-7).




Box 2.6-1. Fully Implicit Closest Point Algorithm for Bounding Surface Plasticity

1 o 14 4
1. Given: 6.,6€,.,,0.¢e,b,

o . . _ (0) _ p(()) _ p (0) _ p(f)) _ P
2. Initialize: k=0, vy =0, 6, =0" b, =b, e, =e

n+l n+l

3. Evaluate I, I,, s and associated terms:

la=1, "% kS = -pIh (1>1)
In+1:B11 (9§+1_9:) Kr(zf—)lz _.Blz (1<Iz)
= 11) eé(e:‘l_e:) Hrgli)l = 35 I() s = 2 Gn+l (en+l _er[z)+l)

0 "

n+l

4. Evaluate the functional and residuals:

(k)
r p
en+1 _en
(k) _ (k) y(k) ylk) (k) (k) _ p _ QP (k) (k)
F;H»l - F<sn+l’1n+l’lon+]7bn+l) Rn+1 - 9n+l en +7n+l Zn+l
bn+1 _bn

(tolerance, Then: EXIT

5. Check convergence: If F) ( tolerance. and |RY)

n+1

Compute derivatives and assemble matrices (note, derivatives of g are

S

estimated via finite difference):

26\ Fa e
2 2 2
A7, = 0 L |LFE_HIF —y[a_F
K \adlor K dlal, ol ob
g d H o (95']
—yl 2 _y|_Z % 11—y | 22
y[a&) 7[&1 X o, ")

7. Solve for increment in stresses and internal variables,

F(k)_vF(k) A(k) R(k)
(k) _ “n+ n n+ 7+ kY _ (k) (k)
A’}/m—l - IVF(k) z:(k) Z(lk) l AZ;(H] —~An+l [R+A}’ Z],H_l
n+l n+1 n+l
(k) (k) (k)
Ae’ 1 1 As
8. Solve for plastic strains: ¢ =—|— —
Agp n+1 2 G K n+l AI n+l

(k+1) (k) (k) (k+1) (k) (k)
. P — P JANNY Y —Ar p L p kD) g (k) k), q (k+l) 4, (0) (k)
9. Update‘ €, =el, +Ael, ;00 =0/, +A8],, ;b =b +Ab, Y =Vaa t Ay,

+1 n+l

10. Set: k «— k+1 and go to step 3.
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Figure 2.6-1. Use of Internal Variable b for Determining Plasticity within the Bound.



3. Reduced Newton Method

The Reduced Newton method was developed by Leonard Herrmann for integrating
the two-dimensional Cam-Clay model [Roscoe and Burland, 1968]. The method maps the
stress rate equations and the conéistency condition into a single nonlinear equation and
integrates them with backwards Euler integration using Newton-Raphson iteration. The
method incorporates uniform substepping and has been implemented into a steady-state
finite eleﬁent program [Herrmann, 1997].

For simplicity, the application of the method will be restricted to the case where
there is no dependency on the “lode” angle (it is assumed that the results of compression
and extension triaxial tests are approximately the same). This special case will be referred
to as a two-invariant model.

' Applying the Reduced Newton method to the two-invariant Bounding Surface
Plasticity model for clays requires a second equation that determines the level of plasticity
occurring within the Bounding Surface (Equation 1.2-4). This section describes the
method applied to the two-invariant version of the clay model.

Section 3.1 simplifies the Bounding Surface model for clays to a two-invariant
form. Section 3.2 describes elastic stress paths that begin inside the elastic nucleus and
intersect with it. The elastic algorithmic consistent tangent moduli are developed in Section
3.3. Section 3.4 explains the “Reduced Newton” stress point algorithm for plastic
calculations. The corresponding plastic algorithmic consistent tangent moduli are
developed in Section 3.5. Finally, Section 3.6 discusses the handling of the unloading

stress path.
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3.1 Two Invariant-Bounding Surface Plasticity

Section 1 describes the Bounding Surface Plasticity model for clays when all three
stress invariants are involved. The model can be simplified when it is only a function of

two invariants. The Bounding Surface becomes in this case:

F=% 7o (T-p1) -L12 =0 (3.1-1)
a a,

where  F = Bounding Surface function
I=pI-1)+]1
I = first stress invariant = (0,, + 0,, + Oy;)

b = measure of distance between stress point and surface (> 1)
I =ClI,
C = material constant defining the projection center location

I, = bound size (i.e., intersection of bound with volumetric axis)

J=bJ

J = second stress invariant /3 5,5,

L] L] 1 M
1 (l_p)Z 2 N2p2 p R - ﬁ

M = slope of critical state line in triaxial space (assumed the same

in extension and compression)

R = shape of ellipsoid.




This function uses the soil mechanics sign convention of compression as positive and

tension as negative. The surface is shown in Figure 3.1-1.
3.2 Elastic Calculations

For stress paths starting within the elastic nucleus, a closed form solution can be
found to predict the intersection of the path with the elastic nucleus. The beginning and end

of the step are denoted by ¢, and £

elas

respectively. Therefore, I(t,) = I, is used for the

beginning of the step and I(7,,..) = I, for the end of the step.

las las

To find the results of an increment of strain with a beginning value and an assumed
proportional strain history for #=0— 1, a relative time scale is used since viscous effects

are not present. The strains can be written as:

g;(t)=¢; +Ag;t (3.2-1)

ij

The rates of the total, deviatoric and volumetric strains are:

& =Ag,, é =Ae., 6=A0 (3.2-2)

y y

The Bounding Surface Plasticity model for clays uses the log-linear relationship for
the volumetric stress versus the void ratio for volumetric stresses greater than the transition
stress (1)) and a linear-linear relationship for stresses less than 7, This is shown in Figure
3.2-1 and discussed more thoroughly in Section 1.3.

Now at some point, ¢ in the interval Equation 1.3-8 can be written in the form:

1=1""%) (I>)  (3.2-32)

I=PB1(6°-6;)+1, (I<I) (3.2-3b)

It is assumed that the path from time 7, to ¢ will be entirely elastic
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(ie., 8°—6, = A6°t ). Because this is an elastic step (A8 = Af), however, the “¢”

notation will be used to emphasize of the nature of the elastic step. The volumetric

expressions can be rewritten in terms of the strain increment as:

I=1e2%" (I>1) (3.2-4a)

I=BLAOt+1, (I<1) (3.2-4b)

The tangent bulk modulus is a function of the pressure only and can be found by

taking the derivative of Equation 3.2-3 with respect to the volumetric strain:

ldl

4 2-
T 3ﬁ (I>1) (3.2-52)
11

B= ?ﬁ (I<I) (3.2-5b)

Writing the modulus in terms of the behavior at the beginning of the step, the

following is obtained:

B=B,e™"" (I>1) (3.2-6a)

B= B, (I<1) (3.2-6b)
where B, = tangent bulk modulus at the beginning of the step.

The shear modulus at time ¢ can be expressed in terms of the bulk modulus as:

G=nB | (3.2-7)

_ 3(1-20)

where = )
1 2(1+0)
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Writing this in terms of the value at the beginning of the step, the following is

obtained:
G =G, e | (I>1) (3.2-8a)
G=G, (I<1) (3.2-8b)

where G, = shear modulus at the beginning of the step.

The relationship between the deviatoric stress rate and the deviatoric strain rate is

given as:
5, =2Gé; (3.2-9)

Substituting Equation 3.2-8 into 3.2-9, the deviatoric stress rate can be written as:

5, =2G,eP" & (I>1)  (3.2-10a)
5, =2G, & (I<I)  (3.2-10b)

Integrating the above expressions from O to z yields:

5;(t)=2G, Ae;f(t)+s,, ' (3.2-11)
o eﬁAG‘z -1 I
where  f(7)= G (I>1)
flt)=t (I<I)

Using the definition for f(f) in Equation 3.2-11, Equation 3.2-4 can be rewritten as:
I1=PA6°f(t)g(I)+1, (3.2-12)
where  g(I)=1, (I>1)

g(l)zll (I<1)
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The following definitions will be required for the development of this method:

I* = (A6° f(1)g(1)) +2BA0° F(1)g(D) 1, +1; (3.2-13)

I=bl+(1-b)I
17 =(bI)’ +2b(1-b)[ I+ (1=b)’I?
2
J? =%sijsij :(2be(t)) X1 +2G1;f(t) X2 +Ji3

J=bJ
where  x, =3 AejAe;

— 14
X2 =55 Ae[j.

(3.2-14)

(3.2-15)

(3.2-16)

(3.2-17)

Now the value of ¢ = ¢" is defined where the stress path intersects the elastic surface.

The equation for the elastic surface is given by Equation 3.1-1 using the value of b that

defines the size of the elastic surface (b

elastic

in Equation 1.6-5). Replacing b with b, .. and

¢ with 7* in Equations 3.2-13 through 3.2-17 and substituting these equations into Equation

3.1-1 gives:

F=q,f*(")+q.f(t")+q,=0

(3.2-18)

Where q2 = £12_<2bela.s'tic Gb )2 Zl + (bclasticﬁAeeg(I))z

a,

ﬁA@eg(I) 1,

ql = &bzzlastichbXZ + 2be21a_m'c
1
+ 2belastic((1 - belastic )Ic - pIo )ﬂAeeg(I)

q, = F evaluated at time ?,.




The above equation can be solved for f* (f* = f(¢")) using the quadratic formula:

—g,++lgl —4
_ "9 tVa —49:9, (3.2-19)

2q,

f*

Possibilities for these roots are shown in Figure 3.2-2. For a strain increment in a
positive direction, the positive root is needed (shown in Figure 3.2-2a); hence the + sign is
used in Equation 3.2-19. For a strain increment in a negative direction, the roots would
reverse; hence, the + sign would still be used. For stress points close to the elastic surface
and a strain increment in a positive direction, the root is near zero (as shown Figure 3.2-2b)
and still requires using the + sign in Equation 3.2-19. It is important to note that round-off
error could actually cause the root to become complex (i.e., the term in the radical may be
negative). In that case, the root is then taken to be zero. For stress points close to the
elastic surface and a strain increment in a negative direction, the positive root is needed
(shown in Figure 3.2-2c) thus requiring the + sign. When the direction is tangent to the
surface (as shown in Figure 3.2-2d) two zero roots are the result. In all cases, however,
the + sign is used before the radical in order to ensure a positive root.

At this point, the length of the elastic step (s) is sought. The value of s will be
equal to the value of ¢ where the stress path intersects the elastic surface, or the upper limit
of = 1 when the step is entirely elastic. Thus, two questions must be considered in
assigning the elastic step size:

1) Is the indicated step greater than 17 (indicating that the strain step is
. ' entirely elastic, as in Equation 3.2-1)
2) Is the transition stress crossed?
One approach is to evaluate / (from Equation 3.2-12) and test for the crossing of the
transition stress. However when the indicated step size is very large, numerical problems

could occur, especially for I < 0. Therefore, the step size tests are done on the variable f
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where f is defined in Equation 3.2-11. The limit on the value of f for s <1 1s:

e 1

h="5rg

(I>1)  (3.2-20a)

f =1 (I<I)  (3.2-20b)

To determine whether the stress path has crossed the transition stress (7)), the value

of f when the transition stress line is crossed is found as follows:

Il_Ib
=" I>1 3.2-21a

Il_Ib
= I<1I 3.2-21b

If the path has crossed the transition stress, the elastic calculation is done as two
steps (e.g., the first step is up to /, and the second is beyond).
The quantity f* is first found using Equation 3.2-19, then compared against

Equations 3.2-20 and 3.2-21. The smallest value of f is taken:
fom =min [ f% £, f1] (3.2-22)
The elastic step size (s) is determined from Equation 3.2-11:

1
BAG°

S =

In(BA6" £, +1) (I>1)  (3.2-23a)

s=fo (I<1) (3.2-23b)
Once the value of s is found, ¢ is set to s and this result is substituted into Equation

. 3.2.12 to find the value of the volumetric stress (J

elas

). When>1,and A6 =0, the
equations simplify to:

I

elas

=1, S;.. =2G,Ae;s (3.2-24)

Yol
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The stresses at the end of the elastic step are determined by:

0, =0, +2G,Ae; f(s)+3AI6, (3.2-25)

where Al =B A6 f(s)g(I).

Once the stresses are calculated, the loading surface measure (b) is updated along

with the stresses. If s < 1.0 then the remainder of the step (i.e., ¢ <t <1)is plastic. The ‘

updated values (I, etc.) are now the beginning values for the start of the plastic step (or

las?

the beginning values of the second elastic step if the transition stress is crossed). The flow

chart for the elastic evaluation is shown in Figure 3.2-3.
3.3 Elastic Contribution to the Global Jacobian

Once the length of the elastic step (s) is found, the elastic contribution to the global

o
Jacobian matrix A " | must be calculated. Recalling the development of the elastic step
gId

in Section 3.2, the elastic Jacobian is also evaluated in terms of deviatoric and volumetric

components. The decomposition of the stress tensor is given as:
c,=5;+316; (3.3-1)
where 0 = total stress
s; = deviatoric stress
I = volumetric stress (0,, + 0,, + O;;).

Differentiating the stress at s with respect to the increment of strain results in:

doy| ),
dAe,;, OJAg;

y y ij

(3.3-2)
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The volumetric portion can be evaluated by differentiating Equation 3.2-4 with

respect to the strain increment and setting £ = s:

.
aA—L‘H: B 158, (I>1) (3.3-3a)
ol

! =1 Bs6, (I<1) (3.3-3b)
dAg,,

The deviatoric portion is evaluated by differentiating Equation 3.2-11 with respect

to the strain increment:

S OAe’ PA8%s ¢ Aef i BAGs
Uls =2G, b ¢ 1+&A6 . selms—f——1 (I>1) (3.3-4a)
JdAg,, OAg,, PAO°  JAg, A6° PAO*
as[jl QAef :
L =2G s (I<1I) (3.3-4b)

e s
odAEg,, *" g,

For stress paths that cross through the transition stress (), the values on both sides
of I, contribute to the global Jacobian. In order to develop their respective contributions,

consider the current stress which is a function of the previous stress and strain increment:
0 =o-ij(o-klb’A8kl) , (3.3-5)

Now if two (or more) steps are taken (i.e., 0, = 0, —> 0 ), the final stress can be

written as a function of the intermediate stress and a portion of the strain increment:
0y, =0y (O-kl_\.1 (82— 5 )Agkl) (3.3-6)

where s, = length of first portion of the step

s, = length of second portion of the step.
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Differentiating Equation 3.3-6 with respect to the strain increment and applying the

chain rule results in the Jacobian matrix:

0. do Jdo Jdo;, B )
i mn i y S, =S
i = S Ky 5 + S, —5 52 2 AS 2 1 33'7
dAe, ™7 one, (5:=51) dAe,, dAe, U OAg, 537
dJdo
where S. = 2
o aO.mrz

51

For simplicity, the last term in Equation 3.3-7 (the term in brackets {}) has been neglected.
Additional derivatives that will be required later in the calculation of the plastic
contributions to the global Jacobian are:
1) derivatives with respect to the increment of strain of the square of the second
stress invariant (J%), and
2) the distance from the current stress point to the Bounding Surface (b) with
respect to the incremenf of strain.
Differentiating the square of the second stress invariant (as defined in Equation 3.2-16)

results in:

2 g
a__ S o ' (3.3-7)

OAe,, dAg,

The distance measure (b) is found by substituting Equations 3.2-14 through -18
into the Bounding Surface function (Equation 3.1-1) and solving the resulting quadratic

equation. The equation for b is:

~(c-p)i-c1,)= %y

a,

b=1 (3.3-8)

o

a, .
—=J +(I-C1
a, ( ”)
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For b to be positive (and knowing that a,, a, and J are always positive), the + sign
is used before the radical. The derivative of b with respect to the increment in strain 1s

given, noting that / is fixed for an elastic step:

! [(C_p) Ao &’J]

JdAg, a, JAg,

ob -1

8A8kl Elljz—i-(]mcjlo) +b & ajz + 81
4 a, dAg,, JdAg,

(3.3-9)

o] _ 1 dr
dAg, 2J dAe,

where

3.4 Plastic Calculations

The plastic part of the increment begins at the end of the elastic step. The stresses
and strains are updated after the elastic step. The beginning of the plastic step 1s designated

with a subscript b and treated as a new step with:

1,=0, g, ¢, tAgs, Ag, «(l-s)Ag;, Af«(1-5)A0 (3.4-1)

To assure accuracy, the plastic step will allow substepping. The strains are sub-

divided into N uniform substeps as follows:

Ae. =¥ (3.4-2)

The notation used throughout this section is I(¢,) = I, for the beginning of the step,
I(t ) = I for the beginning of the substep, and I(z,,,) = I ,, for the end of the substep. The

plastic volumetric strain can be written in terms of the total strain and elastic strain as:

0" (t)=6(r)-6°(r) (3.4-3)




Rewriting Equation 3.4-3 in terms of the strain increment gives:
07 (1)=06, +A6(t—1,)—6; —AG(1—1,) (3.4-4)

Solving Equation 3.2-4 in terms of the elastic strain increment and substituting into

Equation 3.4-4 yields:

67(t)=6, +A9(t—tb)——;—ln (I—Y—)]—e; (I>1) (3.4-5a)
b
9”(1‘):9,,+A9(t—rb)——é—(1—(tz]————lij—9§ (I<I) (3.4-5b)

Differentiating these equations with respect to time #,,; (noting that the beginning
values are fixed) results in the rate form relationship between the total, elastic and plastic

volumetric strains. This relationship is written as follows:

: 11

Po=AQ—— il I>1 3.4-6a
n+l B In+1 ( [) ( )
o7 = Ag— L Im (I<I) (3.4-6b)

n+l
B 1

The associative flow rule for the volumetric plastic strain rate in the Bounding

Surface formulation is given as:

oF

— 4-
3 (3.4-7)

9:+1 =3Y

n+l

where  7,,, = plasticity parametef (loading index).
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Using Equation 3.1-1, the derivative of F with respect to I, taken at t., canbe

expressed as:

oF

& a1 -pl,,) (.4-8)

n+l

n+l T Yn+l

where I, =b,,(I,,—CI, )+CI,_.

Combining Equations 3.4-6, 3.4-7 and 3.4-8 yields the volumetric differential

equation that must be satisfied during plastic deformation (where 7=1,,,):

7 — 1 jn+l
6 Vun(La—pl, )= AG—E . (I>1) (3.4-92)
6 Vs (Lo =PI )=A9—izﬂ (I<1) (3.4-9b)
n+ n+ Opey ﬁ 11

At this point, the unknowns in Equation 3.4-9 include the volumetric stress, the

volumetric stress rate, the loading surface measure, the plastic parameter and the bound size
(1,15 1,01,0,005Y waro 1, > Tespectively). The evolution of the Bounding Surface size for

clays (1,) is described in Section 1.5 [Kaliakin, 1985; Dafalias and Herrmann, 1986].

Equation 1.5-8 written in terms of the strain at the beginning of the step is given as:

[ =1 &) (3.4-10)

Opat O

Noting that AG”, =67, -6/ and t, = 0, Equation 3.4-5 is now substituted into

Equation 3.4-10 resulting in:

I =1 eg[Aez"”_Em[l’—:]] (I>1)  (3.4-11a)

Oll +1 0/)

1, =1 eg[w,%(l_[_[)] (I<I)  (34-11b)
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For the special case of the volumetric stress (/) crossiﬂg the transition stress (/,), the
equations can be modified to incorporate the transition. This case requires adding the
known distance (from the current stress point to the transition stress) to the unknown
distance (the term in parentheses in Equation 3.4-11). For stress points originating in the
log-linear region (Equation 3.4-11a), the known distance is in the log-linear portion and the
unknown distance is in the linear-linear portion. For stress points originating in the linear-
linear region, the reverse is true. The modification is given as:

1 5

g[Aa EHL]I_LD
I, =1e (I,>land 1, <) (3.4-12a)

(I,<lLandI, >I)  (3.4-12b)

n+l

The unknown volumetric stress rate (IM) can be approximated with a backward

differences formula:
I, == (3.4-13)

Using Equations 3.4-11 through -13, the unknowns in Equation 3.4-9 are now
reduced to just 7,.,,,b,,, and y,.,.

Similar to the volumetric strains, the deviatoric total, elastic and plastic strain rates

at the end of the step are related via:

=¢;, +e’ (3.4-14)

Yna1 Yns1 Ynel

The elastic deviatoric stress-strain rate relationship 1s given as:

el =l 3.4-15
Yns1 2Gn+l ( )
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It is important to note that the shear modulus (G,,, defined in Equation 3.2-8) is a
function of the bulk modulus (B, ,,) which, in turn, is a function of the volumetric stress

(1. ). The associative flow rule for the deviatoric plastic strain rates in the Bounding

Surface formulation is given as:

oF
el =y . — 3.4-16
7 ’},n 1[ &Eij J ( )
n+l
The derivative of the Bounding Surface function (F) with respect to the deviatoric

stresses can be expressed in terms of the invariants as:

72
——aF = (—af; ) _8] (3.4-17)
agij AN )i as:lj
n+l n+l
JoF a
where (a—jz—jm_l = —a*:"

gy
a’s‘ - Sijn+] - bn+15ijn+l '
¥ Jns1

An approximation for §; of Equation 3.4-15 is made by a backward difference

formula resulting in:

S.. —S.. .
D i, (3.4-18)

Yn+1 At
where At=t,,, -1, = N

Substituting Equations 3.4-15 though -18 into the strain rate equation (Equation

3.4-14), and recalling that the deviatoric strain rate is Ae,.j =é,;, yields:

Sy — S a
Aey=tm By 2y bs, (3.4-19)

i 2G,, At a,

n+l




The expression can be solved for the deviatoric stresses at the end of the step as:

B 2Gn+lAtAe + 5 (3.4-20)

1 + 2 G At )/n+1bn+1

n+l
a

S

The square of the second invariant is:

Ji =15, s, (3.4-21)

n+l ’J +1 Ynst

Substituting the deviatoric stress defined in Equation 3.4-20 into Equation 3.4-21
results in the dev1atonc equation that must be satisfied during plastic deformation:

4G?

n+l

2
APy, +2G, Aty + T, —(1+2G Afa 7n+1bn+1) I (3.4-22)

n+l
1

where  y, =7Ae;Ae;
X =Aeysy,

JZ :%s“ S.

n G b "

The unknowns in these equations include the new shear modulus (which is a

function of the volumetric stress), second stress invariant, loading surface measure, and the

b

n+l

plastic parameter ( /, and 7,,,, respectively). The square of the second invariant

‘n+1? n+1 4

can be solved for by rewriting the Bounding Surface equation (Equation 3.1-1) as:

1 2
J2, = ”s [13 ~a(I,,, - pl, )] (3.4-23)

n+l

This reduces the number of unknowns by defining J7,,, but introduces [

n+l? Opit

Recall, however, that Equation 3.4-11 relates /, to]

n+1°

thereby leaving the same three

unknowns as in the volumetric equation (Equation 3.4-9): I ,,b,,, and 7,.,.
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At this point, since there are two equations (Equation 3.4-9 and Equation 3.4—22)
and three unknowns, a third equation is required. The obvious choice is an equation that
relates the plasticity parameter to the amount of plasticity deformation occurring within the
bound. The fundamental equation of the Bounding Surface Plasticity concept [Kaliakin,
1985 Dafalias and Herrmann, 1986] relates the plasticity to the current stress state.

Equation 1.2-4 can be rewritten in terms of the invariants as:

1 oF . oF
(), o))
n+l n+l .

Pua+1

The definition of the hardening modulus (K )is given in Equation 1.6-4

Pr+1

[Kaliakin, 1985; Dafalias and Herrmann, 1986]. The volumetric stress rate (IM,) 1S

approximated in Equation 3.4-13, and the second invariant rate (qu) is evaluated by

taking the derivative of Equation 3.4-23 with respect to the current time (z,, ,):

== be"*‘ Tra+ ;2 [1%10 (L, —pl,, )(1+l pl, )] (3.4-25)

n+l n+l

The time derivatives of the Bounding Surface size are achieved by differentiating

Equations 3.4-11:

I, = I(,Mé(Ae—%;ﬂ} (I>1) (3.4-262)
n+l

7 1 I “n+l

1, =1, & AO- 3 1 (I<I) (3.4-26b)

For the special case of the volumetric stress crossing the transition stress (Equation

3.4-12), the “a” and “b” equations are reversed (i.e., Equation 3.4-25a is used for / </,

and Equation 3.4-25b is used for /> I)).




The rate of the loading surface measure (b

n+l

) is approximated with a backward

difference formula as:

b' zbn+l_b

= 3.4-27
7+1 At ( )

Using Equations 3.4-25 through -27, the number of unknowns for Equation 3.4-24

is reduced to the same set of unknowns as in the volumetric and deviatoric equations

(Equations 3.4-9 and 3.4-22), I,,,,b,,, and ¥,.,. The equation is purposely written so that

the hardening modulus (K » )appears in the denominator. This is necessary because as

n+l

the stress state approaches the elastic bound, the hardening modulus approaches infinity at
a rapid rate. When the hardening modulus is in the denominator, the plasticity parameter

approaches zero as the elastic bound is reached.

Since the equations are extremely complex, the solution for the three unknowns is
achieved with Newton-Raphson iteration. The approach used in this study is to treat / and
b as independent variables in the volumetric and deviatoric equations (Equations 3.4-9,

3.4-22). The Bounding Surface equation (Equation 3.4-24) is solved for the plasticity

parameter (7). Another approach that was used for the Cam-Clay model [Herrmann, 1997]

is discussed in Appendix B. The residuals are defined as the error in the governing

equations (Equations 3.4-9 and 3.4-22) and are given as:

7 1 jn+
R =67,4(L.—pl,, )-20+ 3 I—i (I>1)  (3.4-28a)

T 1 jn+l .
R =67,u(lu—pl,, )|-A0+— L (I<I)  (3.4-28b)

B 1
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n+l
1

R, :[1+ZG Azﬂymbmj J2 —4G2, Ay, —2G, Ay, — J? (3.4-29)
a

The Newton-Raphson method iterates on the independent variables in order to find

the roots of the residuals. The general one-dimensional form is given as:

f(x) (3.4-30)

where i = iteration counter
x,,, = improved value of x
x, = previous value of x
f(x,) = residual (function of x)
f’(x,) = derivative of residual with respect to x.

The two-dimensional form involves matrices and matrix inversion and is given as:

I 1 R
= —y (343D
b i+1.n+1 b i+l ’ R, in+

& oK

_| d ob

where Y= % % .
Jd b

The local Jacobian (‘F) is defined by taking derivatives of the residuals with respect

to the independent variables I and b (note that when taking derivatives with respect to one

independent variable, the other independent variable is held constant). Dropping the




iteration counter (i) for clarity, these derivatives are given as:

R, ol al ) . (8}/)
—* | -p = 6(I.,—-pl, )2
(0-)1 )nﬂ n+l[[aIJnH p( a[ n+l)+ ( n+l p ()ml) aI el
1 ( 1 jn+lj ‘
+ SRS .
pr. \Ar 1.,

- =6 =| -Pl = 6(1 —pI ) Z&
(81 ),m 7”*1[(311” p( o M}f (L= PL,.) 5

(1>1)(3.4-32a)

"l(I<1I) (3.4-32b)

L]
ﬁAtIrH-l
IR, ol (&yj
Th)l —ey | E 6(1 3.4-33
(abjm y,,ﬂ(&bjn AR (3433

(QR—Z) = 4At'a_2b 1 + 2Gn+lAt }/n+l n+l yn-{»l(aG] + Gn+l(_€}:) J':IZH
al el al [ aI n+l1 81 n+l

2 o (3.4-34)
J oG G

14+2G,,81227,.b — 8G,, Ay | = | —24r,| =
( n+l 1 ’}/n+l n+lj ( 8] )HH n+l ll( a] jn+1 xz( 81' )’Hl

*, % (97/) 2

) —an®G (1426, 002y b | 7,40, 7
( ab jn+1 a, n+1( n+l 1 Yn+1 n lj[yn 1 1 8b 1

(3.4-35)

+ 1+2G, At b (or
n+l 1}yn+1 n+l ab "

The derivatives of the plasticity parameter are given as:

: oK
(?1) = _-1-,; (8_{7) Lt [aTFz) b, J2, | =2
81 n+l Kp 81 n+l a‘] n+l aI n+l

PFEY . (8F) ol ( 8Fj or
_— In+l +| —= e + 32 bn+1 Sy
9181 n+l 81 n+l1 aI n+l 8'] n+l 81 n+l

j(3.4-36)

1
KP
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(8_7) L (_
)., K\\d

_L|[ZE
K, |\ dlob

) jn+1 +(

n+l

j jn+l +(
n+l

a

oF

ax
aJ?

)n*l
) J
n+l

b J?

n+l

72

n+l

n+l

[5).

)
+ | ==
aJ?- n+l

b

n+l

(3.4-37)

5.

The local Jacobian introduces a large number of derivatives. These are summarized

below and are grouped by terms. Some of the terms were defined previously (and hence,

their original equation numbers are used), but they are grouped here for clarity. The

pertinent derivatives of the volumetric stress (/) are given as:

n

n+l

- bn+1 (In+l _CIo,,,,, )+ CIo,,,H

ol ol

Ll =p_ +(1-b,,)CZ

a] i n+l ( n+l) &I .
ol

Zl =1, -cI

8b . n+l Opal

I_n+1 = bn+1 (In+1 - CIO,M )+ bn+1
al al

2 =b |1-cZ2  |+b
8] 1 n+l ( al . J n+l(
| _ bl (,_.o

b ab|, o,

a
ol

n+l

-C

ai,
ol

J+(1’M _ci, )

(fa=cl,,.)+CL,,

)+ C
n+l

a,
ol

n+l

(3.4-13)

(3.4-38)

(3.4-39)

(3.4-40)

(3.4-41)

(3.4-42)

(3.4-43)

(3.4-44)
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The derivatives of the other independent variable (), the loading surface measure,

are.
b —b
<~ Zun “ O 3.4.27
n+l A[ ( )
P _1 (3.4-45)
db| ., At

The derivation of the shear modulus (Equation 3.2-8) shows that for the log-linear
range, the modulus is a function only of the volumetric stress. The derivative of the shear

modulus with respect to the volumetric stress is given as:

JG G

7). I>1 4-4
(81 )m A (I>1) (3.4-46a)
oG

o) 0 I<I 3.4-46b
(31 jnﬂ (1<) ( )

The derivatives of the Bounding Surface function (F) are:

oF -

— =21 ,,—pl 3.4-47
(8[ )’H’l ( n+} p {)M,) ( )
oF a,

ey = 3.4-48
(a‘lz jr1+1 al ( )

O’F ol ol
_ =2 & | —pl L2 3.4-49
(9 aljnﬂ (( aI jnﬂ p( aI )nHJ . ( )

J*F ol
— =2 — 3.4-50
2 ab)m (o%l“ (3.4-50)
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The second invariant (/%) and its derivatives are:

—pl,. )2]

(3.4-23)

n+l
2%n+1

aJ? 2 ol ol ol
— I | == - — | —pl=* 3.4-51
( 81 jnﬂ b3+l lr (}Ml( &] )n al( p o I)[(aljnﬂ p( 81 j’”’l):| ( )

J? ———g—[ljﬂ 1 —al(

o 274, 2 B} i
— _— - n+ - a I _ I ol 3.4-52
[ b )Ml b,y ab;., 1( S ’) . ( )
72 _ 26n+1 2 2 . — o .
]n+1 - b’Hl Jn+l azbfﬂ liI(),mIo“l —a1(1n+1 - pla“, )(In+1 —p[{)Ml )} (34_25)
aI n+l ] ! I ntl
2 2b,.,, (3 2 o (3,) .
E a5 | P o] e AL 3.4-53
jm b,. (8] ]m a,b’,, 1([31]“1 P ) (m pL, l) ( )
o ol
—a ] ] Z | —pl e
1( p o ]){(BIJ I p( a[ ]'Hl]
812 2 2 2bn+1 8]2
- J”H 2 ]n+l
b ) Atb . b2, b,m P ) .
4 [ =
P a(er= 1, Fur =P, )] (3.4-54)

2a ol = . = 91;
() et >[55H
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The Bounding Surface size (I,) derivatives are:

[l
g el

aN _(al 154 ¢
(797) (5 ),f(w 5 IJ ﬂ""“‘(

% =(ﬂﬂ_) gAg__l_I_".f_l. _51{] —_—
o) .. \al )., B 1) B Al

(I>1)

(I<1)

(I>1)

(I<I)

(I>1)

(I<1)

)(1>1j)

(I<1I)

(3.4-11a)

(3.4-11b)

(3.4-55a)

(3.4-55b)

(3.4-56a)

(3.4-56b)

(3.4-57a)

(3.4-57b)

For the special case of the volumetric stress crossing the transition stress, Equation

3.4-12 is used for 1, and the time derivatives are reyersed (i.e., Equation 3.4-56a is used

for I < I,and 3.4-56b is used for I > I)).

The Newton-Raphson method is set up using Equations 3.4-28 and -29 as the

residuals and 1 ,, and b, as the independent variables. The method is begun by assigning

I ,and b

n+l n+1

their current values and calculating a new estimate with Equation 3.4-31. The

iteration continues until a convergence criterion is met. The criterion chosen for this study
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is that the change in residuals be smaller than a user-defined percentage of the absolute

value of the total strain increment. This is given as:

R
IRl = IR+ || (3.4-58)

Y |Ag|

where  ||R| = norm on the residuals.

This requirés that the residuals are in terms of strains, or at least their magnitude is
that of strain. Another advantage of having the residuals near the same fnagnitude is to
prevent any numerical problems in the matrix inversion. Residual 1 (Equation 3.4-28) is
already in terms of strain. Residual 2, however, (Equation 3.4-29) is in terms of stress.
This residual is given the magnitude of strain by dividing it and its derivatives by the initial

shear modulus. The new residual and derivatives are given as:

-_R dR, _ 1 IR, dR, _ 1 IR, (3.4-59)

R =% — 2 2

G A Gld b G ob
In order to add robustness, the plastic increment is uniformly substepped as
described in Equation 3.4-2. First a single step is tried, then the strain increment is divided
by two and the stress recalculated. This process continues until some convergence criterion
is met or the maximum number of allowable substeps is exceeded. In order to compare the
various methods, a criterion based upon terms that are present in each of the methods was
chosen. The criterion used for the substepping evaluation is that the change of the
"Bounding Surface size (I,) should be less than a user-defined tolerance. This is written as )

follows:

{[(IOMM—Ioml_m_l)<Toler,a] OR [I>11,,]} THEN: EXIT (3.4-60)

where I = stress at end of step and substep level, m

Onslim

= stress at end of step and substep level, m-1

0

a+l.m-1




m = substep level (i.e., number of substeps = 1, 2, 4, 8, 16, ...)
It = iteration counter
It = maximum number of iterations.

Another criterion considered involves the stress distance measure (b,,,). The value
| of b,,, is used during the iteration as an independent variable. It can also be calculated
- independently knowing the stress state and the Bounding Surface size (Equation 3.3-8). A

| convergence criterion can be defined as follows:

{[(us = bo) < Toler,] OR [t>1,,]} THEN: EXIT (3.4-61)

alc

= b calculated from [/

n+l1?

where b Ty, and [, .

calc

This criterion is important for stress points near I =0, J = 0 and C = 0 because the
iteration residuals, and thus the iteration criterion (Equation 3.4-58), are near zero, but the
variabie b can vary significantly.

An important difference exists in the use of the subscripts b and n. Most of the
equations for the method are defined in terms of the beginning of the plastic increment
(e.g., I). Terms defined at the beginning are fixed, thus simplifying derivations (i.e.,

terms defined at time 7, do not contribute to derivatives taken at time #,, ;). The rate

_equations for the independent variables I and 415 (Equations 3.4-13 and 3.4-27), however,
require information at the beginning of each substep (i.e., /, and b,). Therefore, the
independent variables at the end of the substep must be reserved for calculating these rate
equations and for eventual use in computing the algorithmic consistent moduli (Section

3.5). The algorithm is given in Box 3.4-1.
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Box 3.4-1. Reduced Newton Algorithm for Plastic Steps.

1. Set Substep Level: N =]

2. Substep Level Loop: m = I,m,,,

Asij
Aslj =
" N

3. Initialize to Beginning of Step:
I.,=1,b.,=b,
4. Substep Loop: k = IN
5. Determine Volumetric Form:
(I>1,) Linear-Linear (I<1,) Log-Linear
6. Iteration Loop: It = LIz,

7. Calculate Residuals and Local Jacobian: R, R, ¥

8. Solve for Increment in Variables: Al ,,, Ab,,,

9. Calculate and Test Norm: IF (|R| < Toler,)
TRUE: Go to step 11

FALSE: Increment variables, I ., b,,,, Go to step 7

10. Calculate Stresses and Check Substeps: o,

IF (k<N) TRUE: Gotostep4 FALSE: Go to step 12

11. Compare stresses with previous substep level:

[(1 -1, )< Toler,"] OR [It>1It,]

Opsl,m-1

TRUE: EXIT FALSE: N = 2N, Go to step 2
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3.5 Plastic Contribution to the Global Jacobian

Once the plastic step has converged, the plastic contribution to the global Jacobian

Jo

matrix [ A g J must be calculated. The local Jacobian will be evaluated in terms of the
€t )y

deviatoric and volumetric components similar to the elastic Jacobian. The volumetric
component of the Jacobian can be obtained by noting that the residuals are a function of the
independent variables I and b which, in turn, are a function of the strain increment. The
derivatives can be obtained by an application of the chain rule: holding the independent
variables constant and then adding the derivatives with respect to the independent variables.

At convergence, the residual is equal to zero and the derivatives can be written as:

oR, | _ OR,| LR (L +8Rq| b ) o 351
aAg’d n+l 8A8/d|1”+1,[,'Hl ol lb,m 8A‘c“‘kl n+l db ,/m aA“:"Id n+l
Expressed in matrix form:
oR, oR, ol
dAg, | _ |dAe, oag,| [0
R, [ )R el b [ T o (3.5-2)
dAeg, | . |dAg, Lob oAE, |,
R R
where Y= 8815 é?]]g .
-2 2
ol b

Note that the matrix (‘¥/) has been computed in the stress point algorithm (Equation

3.4-31). Equation 3.5-2 can be rearranged to solve for the derivatives of the independent
\
|



variables with respect to the strain increments. This is given as:

ol R,

OAg,, -l ) OAgy

% == R, (3.5-3)
dAg, | g, |,

The derivative of the first residual (Equation 3.4-28) with respect to the strain

increment (holding the independent variables at the end of the step (,,,, b,,,) constant) is

given as:
R a J
1 = 6yn+l i - p -
8A8k, I b aAS}d I . b 8Agkl I b
(I>1)(3.5-4a)
7 a’)/r1+ 1 al"
+ 6 (In+1 - pI()Ml >__—I_ Oy L
OAEy, , pad,., dAe,|,
R ol dl,
1 =6Y,n| 5 — P
aAgkI Lo by aASkl Lyersbya aAgk[ Lisrobyas (I< I )(3 5 4b)
A
7 a’J'/n+ 1 _ 81”
+ 6 (IrH-l - pI{)",I ) 1 O
dAg, Lo, pid, dhey, Lot byes

The derivative of the second residual (Equation 3.4-29) is given as:

aRZ = 4'(;n+lAtiz_bn+l(l + 2Gn+lAt&yn+lbn+l jjjﬂ ay”+1
aAgkl ln+l’bn+l al al aAgk[ In+l’bn+1
2
oJ?
+[1+2Gn+lAza—2yMbn+lj Ponet (3.5-5)
al aASkl lnlvbnl
2
_a A oG sk _ A,
aAgkl Ly by aAskl Ly1:bni aAe“ Tparsbua




The derivative of the plasticity parameter with respect to the strain increment is

given by:
aYn-t'l - _ 1 [8_{71 +if"b 72 jaKpnn a‘]rfﬂ
Me,|, 20K \dl "o ) o e,
1 1 oF adl oF  dJ?
—_ ——i_— n — m——"—” (3.5-6)
K, At dI JdAg, . aJ dAg,, b
27 (dl dl, .
+ n+l ___p 0,1 In+1
K, dAg,, JAg,,

Additional derivatives required for Equations 3.5-4 through -6 are given as:

—&Lﬂ =C(1-b ,, )—=> (3.5-7)
n+l
dAgy Layibyn dAE, Lyaybay
ajnu _ (1”“ _ CI"M) abn -b C&
dAg, Lyoob Al aAgk"lm,bm " one, Lustsban
re1:ba . (3.5-8)
1 dl o,
T T - +C (l _bn+l) =
At dAg,, L dAg, I b
ol
o - I{)M@(gkl (3.5-9)
8A£"’ Lyi by
ol 11,9,
2 =§[A9——"—” Lari_
aAekl I,HX,an ﬁ In+1 aAEkl 1,,+|,b,,,1

(I>1)  (3.5-10a)

1 I,
+5 I{) 6/(1 + a -
At B1,,, dAg,|, |
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a, —¢ap- Ll )
c9A8k1 ﬁ Il aAgkl Lviibpa
‘ (I<1I) (3.5-10b)
+§ 1, 5kl * _L— 91"
v At B 1, dAey|,
i alu |
I{)HH nal
e 2 ey, . (3.5-11)
aAgkl lml‘bn” azb:+1 (I— I ) ai,;-Q—I 81{),;#]
—a +1 My v -
1\ "n+l )O w4l aAgkl 1yisbya p&Agkl Ly b
8J3+1 2‘]_3+lﬂ —ﬂé‘ﬁﬂ_
BAEU I o0 At bn+1 aAekI Ly ibaa b”+1 aAgu Lper b
; al, ] aj"
" + ntl
Onst 8A8k1 TN " aAgkl Liaibyi
| | (3.5-12)
2 ) aj 8"0
+ 2 _al(lnﬂ —plﬂmx) e P :
azbn+1 aAekl U aASkl List buat
—a (j ~pl ) _Qi";l ) i]—()—l
11 “n+l Ons1 aAgk[ I ...b paAeu Tnar b
_01}@” _ o, =€y, " | o
aASkz AR aAgkl H
0s..
L ;ZZ . +€k1w[(9 ; ) (3.5-14)
aA‘C“k.l Lioyobniy AEkl Ag}d n

The derivative of the deviatoric stress at time ¢, with respect to the increment in

os;;
strain ( - j in Equation 3.5-14 is known from the previous substep. If the previous
Ex n

substep was elastic, the derivative is calculated via Equation 3.3-4.




The derivative of the deviatoric stress at the end of the step (z,, ) is obtained by

differentiating Equation 3.4-20 by the strain increment. This derivative is given as:

|

G

2AtAe, (—)
Yt 81 l
'}’,,an.{.l(

ol
dAg,,

+

jnﬂ

oG

N

2G

n+l

dl
dAg,,

At aAeijnH
aAg n+l

j + Gn+lyn+l[
n+l

ki

Bsij

b
dAg,,

JdAEg,,

)

n+l

. P J ol
_2 At.c_llslj ’yn-ﬁ-l + (_yj [ j
a JAE,, o b dl ),..\ dAE, ntl
. +Gn+l n+l
RIE
asu ab n+l aAgkl n+l
L . 4 (3.5-15)
aAgkl n+l 1+2Gn+lAt_2}/n+lbn+l

1

ob
dAg,,

| Note that this derivative requires the derivatives (

n+l

AE,,

]n+l

calculated in Equation 3.5-3. Also, a number of the derivatives are taken at time ¢, (1.e.,
values found at the end of the previous substep and saved). When substepping is used in
the stress point iteration, it also must be used in the evaluation of the local Jacobian. The
same substep level is used for both the calculation of stress and the local Jacobian. As
described in Section 3.4, the independent variables I and b are saved at the end of each
substep. The local Jacobian is constructed by recalling these values to calculate the current

substep ¢, ,, derivatives. These current values are reserved and used in the calculation of

+17

the derivatives at time ¢

n+2°

etc. For steps that transition through the elastic zone, the first
substep requires values calculated at the boundary of the elastic nucleus (Equations 3.3-4
and 3.3-9). At the end of the substepping, both the volumetric and deviatoric components

are combined to provide the local contribution to the global Jacobian.
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3.6 Unloading

For each global step, it must be determined whether the step is loading (elastic or
plastic) or unloading (elastic). One common approach, especially useful when a predictor
stress is calculated, is to cross the stress increment with the normal to the function surface
(i.e., the loading index). A positive value indicates loading and a negative value indicates

unloading. The loading index is given as:

1=Z Ao (3.6-1)
Jo

where L = loading index (L > 0, loading; L < O unloading).

Another approach, similar to the elastic case, is to determine whether there are any
positive roots when calculating the intercept to the loading surface. This approach
additionally provides the terms necessary to calculate the length of the elastic unloading

step. Equation 3.2-18 can be rewritten as:
F=q,f*(1)+q,f()+q,=0 - (3.6-2)

where g, =b’c,

¢ :-&(2 Gb)le +(ﬁA9 8(1))2

a,

q, = bzc2 +bc,

¢, = %2@ %, +2BA6g(1) 1, ~21,BA0g(1)

1

¢, =2BA0g(1)(I, ~ pl, )

_ 2
gy =b"c, +bcs +cg
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a 2
ey =t +(1,-1, )
a2 n+l

¢, = 2(]C -pl, ) I, - 216(Ic —pL,,, )

1
ce=1-2plLI, +[p2 - —} I .

a

Similar to the elastic case, assume that 7 in Equation 3.6-2 can take on any value
(t**). The loading surface intercept is defined by using the current value of b = b, and

solving for the value of fin Equation 3.6-2. Defining f** = f{¢**), the solution is:

~4, t~/q; =499, (3.6-3)

2q,

frx=

One root is always near zero (since the current stress point is on the loading
surface) and the other will be either positive (indicating an intercept with the loading surface
and therefore unloading) or negative (which indicates loading). Therefore, the root with

the larger absolute magnitude is tested for its sign:

fz* %

2

n o fn=max(|fl“

) (3.6-4)
where  f,” >0= unloading

f.” <0= loading.

If the test determines that unloading is occurring, the length of the unloading step
must be calculated. Consider an unloading stress path as shown in Figure 3.6-1. Initially
the loading surface shrinks or unloads until the stress path becomes tangent with the
surface. At this point the surface begins to grow and loading begins. Now if b is treated
as an unknown in Equation 3.6-3, we can determine at what value of b the two roots will

be the same, thus defining the loading surface just tangent to the stress path. The roots are




102

the same when the radical term in Equation 3.6-3 goes to zero (i.e., ¢, —4g,q, = 0). This

yields an equation for b using the terms calculated in Equation 3.6-2:

b*[biqs+b g, +4,]=0 (3.6-5)
where g, =c; —4c,cq
g4 =2¢,0; = 4cics
2
gs = ¢; —4cicy.
Noting that the definition of b requires that it be greater than one, the two zero roots
are discarded. The quadratic in the square brackets is solved for b, where the loading
surface is a minimum:

—g, t+/q2 -4
b = q4 4 9543 (3.6-6)

min 2q5

Because the loading surface is described in J* space (i.e., the square of the
deviatoric stresses), one root will be positive and the other will be negative. Again,
because the definition of b requires that it be greater than one, the positive root is taken.
The value of b, can be substituted for b into Equation 3.6-2 and a new f** is determined
(Equation 3.6-3) which yields the length of the unloading step (s,,,,,)- The calculation of
the behavior of the unloading step is the same as described for the elastic step calculation
(Equations 3.2-26). Solving for b first is advantageous because if the minimum falls

> b, ...), the elastic intercept can be easily calculated by

within the elastic surface (i.e., b

min elastic

substituting b = b The flow chart for determining the elastic unloading step is shown

elastic®

in Figure 3.6-2.
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4. Example Calculations

4.1 Problem 'Descriptions

Comparisons of predictions for a number of sample problems were made using the
three methods: 1) trapezoidal (Trap), 2) Closest Point (CP), and 3) Reduced Newton
(RN), in order to determine their behavior. This comparison section is divided into three
sections: 1) comparison of the methods without substepping starting on the bound, 2)
comparison of the methods without substepping starting inside the bound and 3)
comparison of the methods with substepping. Substepping involves uniformly
subdividing the strain increment within the material model subroutine and solving for the
stress as a cumulative sum of the incremental stresses from each substep.

Section 4.2 compares the methods without substepping and provides a general
description of how each method behaves. Because the convergence criterion for the
iterations of each of the methods is different, comparison of computational times is
meaningless. The methods are compared at 1, 2, 4 and 100 global steps. There is a
difference between taking N substeps across the interval as compared to taking N global

steps. The histories of the various strain components are generally not proportional. When
N global steps are used, this nonproportionality is taken into account (i.e., £; / E,=f (t))
In contrast, the use of N substeps approximates the strain histories as proportional
(i.e., E; /€= constant).

For points that start on the bound, the “exact” solutions are established by assigning

an arbitrary change in state and calculating (using numerical integration with a very tight

tolerance) the corresponding strains. The strains for the intermediate steps are also

determined by integration. The strain calculations are given in Appendix C.
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Section 4.3 considers stress points that start within the bound. Since no “exact”
strains were calculated, an arbitrary strain increment was chosen. The trapezoidal solution
for 100 uniform global steps is assumed to be nearly exact for comparison purposes.

Section 4.4 compares the methods with uniform substepping within the algorithm.
A common convergence criterion is established for the substepping, therefore comparison
of computational times is made possible. The criterion used is defined in Equation 3.4-59.
A set of strain increments is chosen for each problem and the algorithm is allowed to

uniformly substep as required to meet the substepping convergence criterion.

4.2 Comparison of Methods for Stress Points on the Bound (no

substepping)

Several tests were performed to compare of the behavior of the methods for stress
points initially on the bound. The Bounding Surface parameters used for these tests are
given in Table 4.2-1. Discussion of the parameters is given in the references [Herrmann

and Mish, 1983b and Kaliakin, 1985].

Table 4.2-1. Bounding Surface Parameters for Stress Points on the Bound.

A K M v ], R

0.14 0.05 1.05 0.2 14.7 (psi) 2.6

4.2.1 Volumetric Compression Test 1

A simple compression test along the volumetric axis was analyzed using the three
methods. The problem data is given in Table 4.2.1-1. The “exact”, Trap, CP and RN
results are given on Tables 4.2.1-2, 4.2.1-3, 4.2.1-4 and 4.2.1-5, respectively. The Trap

method provides reasonable results at one step with a slight improvement as the number of
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steps increases. Because the CP and RN methods treat the volumetric behavior separately,

they achieve the exact answer within a few iterations.

4.2.2 Volumetric Ténsion Test

Similar to the compression test, a simple tension test along the volumetric axis was
also performed. The problem data and the “exact” results are given in Table 4.2.2-1 and
4.2.2-2, respectively. The first attempt using the Trap method is shown in Table 4.2.2-3.
The solution is wrong and does not improve, even with 100 steps. The problem lies in the
implementation of the hardening rule (Section 1.5). In the previous work [Kaliakin,
1985], the hardening rule was broken into a linear-linear and log-linear section similar to
the volumetric stress behavior (Section 1.3). As strain developed for a given stress path
(Appendix C, Section C.1), the amount of tensile volumetric strain that this form of the
hardening rule could tolerate was limited. Simplifying the hardening rule to the log-linear
form improved the performance, although a large number of steps were required to achieve
a reasonable answer (see Table 4.2.2-4). In contrast, the CP and RN methods exhibited

accurate results with one step (see Tables 4.2.2-5 and 4.2.2-6).

4.2.3 Shear Test 1

A shear test was designed so that the stress is initially on the volumetric stress axis
and travels in the direction of the second stress invariant (J) while keeping the first invariant
() constant. The problem data is given in Table 4.2.3-1. The results for the Trap, CP and
RN methods are shown in terms of J and the hardening (i.e., the bound size, I)) in Figures
4.2.3-1,4.2.3-2 and 4.2.3-3, respectively. The Trap method shows the largest error at the
larger strain increments, which can be expected since the integration does not explicitly
satisfy the consistency condition at the end of the step (i.e., maintaining ¥ = 0). The error
manifests itself in larger shear stresses and less hardening than the “exact” stress path.

This behavior indicates that the final stress point is outside of the Bounding Surface. The




CP and RN methods show similar behavior because they both are Newton-Raphson
methods that explicitly satisfy the consistency condition at the end of the step. Although
there is some error for the larger strain increments, the stress points' fall close to the “exact”
stress path. The convergence from below the “exact” path indicates points falling within

the bound.
4.2.4 Shear Test 2

Shear Test 1 is now modified so that the stress begins some distance from the
volumetric axis (i.e., J = 0), but still on the bound. This data is given in Table 4.2.4-1.
The Trap (Figure 4.2.4-1) again shows larger shear stresses and less hardening than the
“exact” stress path for large strain increments. For smaller strain steps, however, the Trap
method exhibits somewhat better accuracy. The CP and RN methods (Figures 4.2.4-2 and
4.2.4-3) show virtually the same behavior and converge from the opposite side than the

Trap method.

4.3 Comparison of Methods for Stress Points inside the Bound (no

substepping)

Several tests were conducted for comparison of the behaviors of the methods for
stress points initially inside the bound. The Bounding Surface parameters used for these
tests include those for points on the bound (given in Table 4.2-1) and the parameters
defining behavior within the bound (given in Table 4.3-1). Discussion of these parameters

is given in the references [Herrmann and Mish, 1983b and Kaliakin, 1985].

Table 4.3-1. Bounding Surface Parameters for Stress Points within the Bound.

Daim C s m H H a w

p e 0

14.7 psi 0.28 0 0.02 4.0 4.0 1.2 5.0

111
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4.3.1 Volumetric Compression Test 2

A simple strain-controlled compression test along the volumetric axis is described in
Table 4.3.1-1. No “exact” solution was calculated (i.e., a stress path is assumed and the
corresponding strains calculated) so the Trap solution using 100 steps was assumed to be
the actual answer. The Trap, CP and RN results are given in Tables 4.3.1-2, 4.3.1-3 and
4.3.1-4, respectively. All of the methods provided reasonable results at one step and a

slight improvement as the number of steps increased.

4.3.2 Shear Test 3

A shear test was analyzed that starts the stress on the volumetric axis and moves
mostly in the second stress invariant (J) direction. The problem data is given in Table
4.3.2-1. The results for the Trap, CP and RN methods are shown in terms of J and 7, in
Figures 4.3.2-1, 4.3.2-2 and 4.3.2-3, respectively. The Trap method shows greater shear
stress and less hardening for the larger strain increments. The CP and RN methods, while

having significant error for the large strain increments, show end points that fall on the

actual stress path.

4.3.3 Shear Test 4

Shear Test 3 is now modified so that the stress begins some distance from the
volumetric axis (i.e., J = 0). This data is given in Table 4.3.3-1. The Trap method (Figure
4.3.3-1) for this test actually shows the best behavior converging on the “exact” stress path

within two steps. The CP and RN methods (Figures 4.2.4-2 and 4.2.4-3) show poorer

accuracy and converge to the “exact” answer from the opposite side than the Trap method.
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4.4 Comparison of Methods with Substepping

The Bounding Surface parameters used for the substepping tests are given in Tables
4.2-1 and 4.4-1. The only difference from the solutions inside the bound (Section 4.3) is

that a small elastic nucleus has been introduced (e.g., s, = 3.0).

Table 4.4-1. Bounding Surface Parameters used for Substepping Tests.

Dam C s m H H a w

p c 0

14.7 psi 0.28 3.0 0.02 4.0 4.0 1.2 5.0

The substepping used for this study is a linear subdivision of the strain increment
(i.e., dividing the strain increments by two) up to a level of 32 (i.e., 2°) equal substeps.

The substepping levels and number of steps are given in Table 4.4-2.

Table 4.4-2. Substep Levels versus Number of Substeps.

Substep Level, m 1 2 3 4 5 6

Number of Equal Substeps 1 2 4 8 16 32

The convergence criterion used to stop substepping in this study is the percentage
of change in the predicted final Bounding Surface size. This was defined in Equation 3.4-

60 and is given by:
{(r....~1.....)<Toler,] OR [1>1,]} THEN: EXIT (3.4-60)

- The methods iterate on the solution for each strain level produced by the
substepping until the iteration criterion 1s satisfied. At the end of each substepping process,

the Bounding Surface size (/) is compared to the value found with the previous
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substepping. When the change in the bound size is below the specified tolerance, the

results are printed. The tolerance used for this study was 0.001 psi.
4.4.1 Nearly Elastic Compression and Shear

A test was designed to start within the elastic nucleus and project out into the plastic
realm. The initial stress is located on the volumetric axis (i.e., J = 0) near the projection
center so a large part of the path is elastic. This data is given in Table 4.4.1-1. The stress
path in I - J space is shown in Figure 4.4.1-1. The “exact” solution uses the Trap method
and 100 linearly interpolated global strain increments.

The Trap and RN methods show nearly identical results and nearly give the “exact”
solution. The CP method shows significant error in the stress path. This error is caused
by the inaccuracy of the rate equation for the stress distance measure (b) near the elastic
surface.

The computational time of the methods were compared with the codes compiled
with Language Systems FORTRAN on a Macintosh Centris 650. The times are compared
on a relative scale with the Trap method time used as the base (i.e., the Trap method is
always one). The relative speeds and substepping are shown in Figure 4.4.1-2. Although
the Trap and RN methods show nearly identical results, the Trap method shows the best
behavior converging on the “exact” solution in less time and fewer substeps. This is to be
expected since it is a second order method and is most appropriate for nearly elastic
calculations. Also, the RN and CP methods converge in the same number of substeps, but
the CP method takes significantly longer. This is a result of the second order derivatives
that need to be calculated every iteration. In addition, each iteration of the CP method must
solve nine simultaneous equations while the RN method only solves two. Another
difficulty with the CP method is the use of the rate equation for b (Equation 1.7-11) which

is a function of the hardening modulus (K ). As the hardening modulus approaches the

elastic surface it rapidly goes to infinity (see Equation 1.6-4). The behavior of the
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hardening modulus and the b rate equation is shown in Figure 4.4.1-3. For stress points
near the elastic surface, the use of Equation 1.7-11 actually slows convergence because of

the large gradient.
4.4.2 Plastic Compression and Shear

A plasticity test was designed to start near the bound and project out into the plastic
realm. The initial stress is located off the volumetric axis (i.e., J = -3.6 psi) near the bound
so a significant portion of the path is on the Bounding Surface. This data is given in Table
4.4.2-1. The stress path in I - J space 1s shown‘ in Figure 4.4.2-1. |

All of the methods show results close to the “exact” solution. The CP method
shows slightly more error than the other rﬁethods.

The relative times are shown in Figure 4.4.2-2, and for the Trap and RN methods
they are almost the reverse of what was observed in Section 4.4.1. The RN method shows
about a 50% decrease from the Trap method. The CP and RN methods were developed to
account for plastiéity and show improved performance by converging in fewer substeps.
Again, because of the calculation of the second order derivatives in the CP method, the

relative time is significantly higher.
4.4.3 Shear Softening

A shear test in the softening realm was designed to start on the bound. Volumetric
strains were prescribed to keep the volumetric stress nearly constant. This dafa is given in
Table 4.4.3-1. The stress path in [ - J space is shown in Figure 4.4.3-1.

All of the methods show results close to the “exact” solution. The CP and RN
methods show slightly more error than the Trap method, but this is small (note the scale of
the I-axis).

The computational times are shown in Figure 4.4.3-2. The CP and RN show a

larger number of substeps for convergence, yet the RN method took less time than the Trap
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method with fewer substeps. Again, because of the calculation of the second order

derivatives in the CP method, the relative time is significantly higher.




Table 4.2.1-1. Compression Test 1-Parameters.

I, =81 (psi), e, = 0.94

G, =0y, =0y,=-27psi,0,=0,;=0;=0

Ag,, = Ag,, = Ag,, = -2.80025x10%, Ag,, = Ag; =Agy =0

Table 4.2.1-2. Compression “Exact” Results.

91

91

‘Table 4.2.1-3. Compression Test 1-Trapezoidal Results.

Number of Steps I I, b
1 90.9799 | 91.0101 [ 0.9996
2 90.9894 | 91.0012 [ 0.9997
4 90.9968 | 90.9980 | - 1.0000

Table 4.2.1-4. Compression Test 1-Closest Point Results.

Number of Steps

1

I

o

1

91.0000

91.0000

1.0000

Table 4.2.1-5. Compression Test 1-Reduced Newton Results.

Number of Steps

1

I

o

1

91.0000

91.0000

1.0000
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Table 4.2.2-1. Tension Test Parameters.

1,=09 psi, e, = 0.94

6, = 0, = Gy, = -6.92308x 10° psi, 6,, = 03 =G, =0

At = Ae., = Ae,, = 9.15692x10%, Ag,, = Ag,; = Agy, = 0 | I

Table 4.2.2-2. Tension “Exact” Results.

1

I

o

b

-2.07692x107

0.5

1

Table 4.2.2-3. Tension Test Trapezoidal Results before /, Fix.

Number of Steps

I

I

]

b

1

2.0965

0.0010

~0

Table 4.2.2-4. Tension Test Trapezoidal Results with /, Fix.

Number of Steps I I, b
1 2.0965 0.6408 ~0
2 -3.0007 0.6413 0.0493
4 -1.6303 0.6161 0.0872
100 -0.1629 0.5048 1.0000

Table 4.2.2-5. Tension Test Closest Point Results.

Number of Steps

I

I

0

b

1

-0.1145

0.4961

1.0000

Table 4.2.2-6. Tension Test Reduced Newton Results.

Number of Steps

I

I

0

b

1

-0.1145

0.4961

1.0000
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Table 4.2.3-1. Shear Test 1-Parameters.

I,=281psi, ¢, =094 J
G, =0, =0;=-27ps}, 0, =0;; =0y = 0
Ag, =Ae,=At,= -1.80016x10%, Ag,, = -1.14129x10%, Ag,;=Ag,,= 0 g
! 1
5 : T ] T T T [ T T I T I /I. | T ] T I T
- y , i i "Exact J" B
2 E : ; : : —o -15ep F
= ‘ aCiRgl - - M- - 2 Steps ]
1t 2z i z i i ——0—-4Stesps .
P ol ; ; : i - - X- - 100 Steps
z- H : : H : : .
0 1 | 1 I ! l L ! L ! 1 I 1 1 .
81 83 85 87 89 91
IO
Figure 4.2.3-1. Trapezoidal Shear Test 1-Results.
5 : T T | T T l T ] 1 T T T T T :
4 E
3L .
- : "Exact J* [
2 F — @& -1 Step 5
- --m--25.ps [
1 B --®--4 Steg)s .
E - - X - - 100 Steps ¥4
O 1 1 1 | i 1 I Il L :
81 83 85 I 87 89 91
(o]
Figure 4.2.3-2. Closest Point Shear Test 1-Results.
5 : T ‘ T I T T i T T I T l | T | T ! T I T :
4 S H H : H M H E o —E
- : 50 ) 3
3 E i i : - A ki -
— ) C = > SR . ’I‘Esxtact AL B
C L = - - ep .
. O L z --m--25¢ps [
1 E. RN f ‘ ——0--4Stesgs ]
C PR - - X - - 100 Steps
0 7 l;// L/ L i 1 ' 1 i 1 i 1 | Il 1. :
81 83 85 I 87 89 91
(o]

Figure 4.2.3-3. Reduced Newton Shear Test 1-Results.
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Table 4.2.4-1. Shear Test 2-Parameters.

1,=60 psi, e, =0.94

G, =6, =0, =-18 psi, 6,, = 3.63731 psi, 6,; =0, = 0

Ag, =At,=Ac,= -2.38377x10°, Ag,, = -1.77091x107%, Ag,;=A&,= 0 [ I

: 5 N2 o : % "Exact J"
~~~~~~~~~~~~ e O] — @ - 1 Step
H N H H H M - _. - - 2 Steps

--#- -4 Steps
e e - S

-~ 93]
A
\J
[ ]
]
) o
IR NN S| 11||!
'

‘Illll|l|llll|lllllllll

"Exact J”
- 1 Step
- -H- - 2 Steps

~-#- -4 Seps
""" - - X - - 100 Steps

N
Illllll'llllllll TTTT

IIIJIIIIII|IJ1II‘|J.LL

; 5 POV L ; "Exact J"
____________ I S .4 : ; i — @ -1 Step
: Y i - -l - - 2 Steps

——0——4Ste§)s
- - X - - 100 Steps

N O T l]l]l]ill

"'ll'l||T|l|l| llllillll

Figure 4.2.4-3. Reduced Newton Shear Test 2-Results.
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Table 4.3.1-1. Compression Test 2-Parameters.

J
I, =81 (psi), e, = 0.94

6, =0,=0,=-15psi,0,=0,;=0,=0

Ae, = Ag,, = Ag,, = -1.0x10%, Ag,, = Ag,, = Ag,, = 0 : | I

Table 4.3.1-2. Compression Test 2-Trapezoidal Results.

Number of Steps 1 I, b
1 48.8177 | 82.5852 | 2.3143
2 48.8186 | 82.5874 | 2.3143
4 48.8188 82.5878 2.3143
100 48.8188 82.5879 2.3143

Table 4.3.1-3. Compression Test 2-Closest Point Results.

Number of Steps I I, b
1 48.6779 82.7207 2.3342
2 48.7452 82.6572 2.3245
4 48.7855 82.6193 2.3193
100 48.8173 82.5894 2.3145

Table 4.3.1-4. Compression Test 2-Reduced Newton Results.

Number of Steps I I, b
1 48.7494 82.6532 2.3240
2 48.78717 82.6172 2.3186
4 48.8017 82.6040 | 2.3167
100 48.8182 82.5885 2.3144
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Table 4.3.2-1. Shear Test 3-Parameters.

J
I,=81psi,e, =094
0, =0, =0, =-15psi,06,=0;=0y;=0
.
Ag, =Ag,=Agy,= 0, Ag,, = -1.0x107%, Ag,;=Aey= 0 i I
3 5 T T T T ! T T T T T T T T T T T T T ] T T T T 1 T T T T

—@— 1 Step
— B - 2 Steps

- -& - -4 Steps
——X--lOOgieps

IEEANINININNERR AN llll{lll]lllll
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Table 4.3.3-1. Shear Test 4-Parameters.
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Table 4.4.1-1. Nearly Elastic Compression and Shear Test-Parameters.

J
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Figure 4.4.1-1. Nearly Elastic Test Stress Path.
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Figure 4.4.1-2. Nearly Elastic Test-Relative Times and Substeps.
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Table 4.4.2-1. Plastic Compression and Shear Test-Parameters.
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Table 4.4.3-1. Softening Shear Test-Parameters.
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5. Constitutive Model Implementation

Constitutive models are generally designed to be implemented within finite element
programs. The manner in which these programs solve the global nonlinear problem
dictates the requirements of the constitutive model. For this study, the implementation will
be in a program which uses the Newton-Raphson method for nonlinear solutions. The
DYSAC? finite element computer program is a dynamic analysis code for soils and was
written at the University of California at Davis [Muraleetharan, et. al., 1991].

This section will be divided into two parts:

1) discussion of the issues of interfacing a constitutive model into a typical finite
element program that uses the Newton-Raphson method, and

2) results of implementing the Bounding Surface model for clays into the DYSAC2

program.
5.1 Standard Interface

The development of a “standard” interface for constitutive models creates a conflict
between modular programming and the means for convenient debugging (for an analyst to
debug a “bad” solution as opposed to the debugging required for implementing a
constitutive model). These two opposing philosophies dictate the level of information that
should be provided through the constitutive model interface. Modular programming
requires the minimum amount of information in the interface, whereas debugging often
requires more.

Modular programming is based on a “need-to-know” philosophy and provides only
the information required to perform its function. The benefit of this minimal interface is
that it prevents additional information (especially in weakly-typed languages, such as
FORTRAN) from being corrupted. It also provides the easiest means for adding new

constitutive models to existing programs because the user is not required to track the

meaning of extraneous variables.
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Convenient debugging, on the other hand, requires a great deal of information that
is never used within the constitutive model. The information is needed for tracking the
cause of the problem in the event of a numerical failure within the model. When a
constitutive model fails (e.g., does not converge) the user can extract information (such as
the integration point, element, iteration and time step numbers) to determine whether an
input parameter was specified wrongly or simply that the mesh was not detailed enough in
a particular area. This information, however, is not required for the execution of the
constitutive model.

In order to provide the best of both philosophies, two interfaces are proposed:

1) the constitutive branching routine, and

2) the standard constitutive model.

The constitutive branching routine is generally called from the integration point
routine and contains the logic for deciding which material set belongs to the element. The
constitutive model can be called from five separate areas in the program during the analysis
phase (depending on the program’s architecture):

1) reading of constitutive properties,

2) initialization of internal variables,

3) stresses and tangent moduli calculation during the Newton-Raphson iteration,

4) updating internal variables, and

. 5) stress reporting.

‘ Often the updating is merely the swapping of a temporary and peﬁnanent internal
variable array, and stress reporting is accessing the stored stresses. At this level, sufficient
debugging information should exist to track a numerical problem in the constitutive array.

The branching routine is proposed to have both debugging and constitutive information
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with an interface defined as:

branching routine (analysis phase, time step number, iteration
number, element number, integration point

number, constitutive information)

The constitutive properties and the initial values of the internal variables are
obtained during the reading phase. This step is done once for each separate material type
and often doesn’t go through the branching routine (since element information is not

required for debugging). A typical read routine interface is defined as:
read routine (properties, internal variables)

output:
properties = constitutive property array

internal variables = internal variable array.

The constitutive information required will be defined by the initialization and

Newton-Raphson iteration requirements. A typical initialization routine interface is:

initialization routine (properties, initial stresses, internmal variables,

external variables)

input:
properties = constitutive property array

initial stresses = initial stress state array

external variables = external variable array




output:

internal variables = internal variable array.

During the Newton-Raphson iteration, the constitutive routine should produce the
change in stress, tangent moduli and the change in internal variables given, the constitutive
model properties, initial stresses, existing strains, internal and external variables and the
increment in strain. The routine should be written so that when numerical errors occur (or
are about to occur) they are trapped and it exits to the branching routine where the error and
necessary debuggihg information can be reported. This is known as defensive
programming and prevents the code from crashing within the constitutive routine where no

debugging information is available. A typical constitutive routine interface is defined as:

constitutive routine (properties, strains, strain increment,
stresses, internal variables, external variables,

tangent moduli, error, convergence information)

input:
properties = constitutive property array
strains = existing strain array
strain increment = new strain increment array
input and output:
stresses = previous stress state array (overwritten with the new stresses)
internal variables = internal variable array (overwritten with new array)

external variables = external variable array (possibly overwritten)
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output:

. . : do :
tangent moduli = the stress - strain gradient, [8_ matrix
€ n+l

€rror = convergence errors

convergence information = whether or not convergence occurred.

The external variables (e.g., temperature, 7) are often input only. If the analysis is

coupled with these variables, the main program might also require additional gradients

d
associated with them to be defined (e.g., _(]gu_x) and g;—]
) £

As shown above, the stress and internal variable arrays are overwritten. Often a
temporary array is maintained for both the stresses and internal variables. Once the global
solution has converged, then the updating simply consists of copying the temporary array
into the permanent array. If the temporary arrays need to be maintained at the global level,
separate arrays of the previous and new values can be specified at the inferface. This
allows for faster global updating (i.e., a single loop over all of the update arrays without
going down to the element level) and easier restart capabilities. The constitutive routine

interface can now be defined as:

constitutive routine (properties, strains, strain increment,
previous stresses, previous internal variables,
previous external variables, new stresses,

new internal variables, new external variables

tangent moduli, error, convergence information)
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input:
previous stresses = previous stress state array
previous internal variables = previous internal variable array
previous external variables = previous external variable array
output:

new stresses = new stress state array
new internal variables = new internal variable array

new external variables = new external variable array

When temporary arrays are used, stress reporting at the integration points becomes
a matter of simply printing the stress array. Calculation of stresses at other points within
the element (e.g., node points) is generally done at a global/element level (i.e., curve
fitting) in order of average element contributions to common points. A graphical
representation of this interface is given in Figure 5.1-1. The dotted lines indicate calls that

the main program can make directly without going through the branching routine.

5.2 Application of the DYSAC2 Program to an Embankment Subjected to

an Earthquake

In order to evaluate the performance of the Reduced Newton version of the
Bounding Surface clay model (Section 3), the model was implemented into the DYSAC2
finite element computer program [Muraleetharan, et. al., 1991]. DYSAC2 is a dynamic
soil analysis code for two-dimensional plane strain problems that fully couples the
governing equations of a saturated porous media (two phase). The implementation was
made in accordance with the “standard interface” discussed in the previous section.

The problem chosen for the evaluation of the numerical model involves an earthen

clay embankment subjected to an earthquake. The embankment was previously analyzed
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using DYSAC2 (with base shaking) using the three-surface clay model with trapezoidal
integration and comparing the results to the centrifuge results [Muraleetharan, et. al.,
1994]. For this study, the single-surface model (ellipse) was used with the properties
given in Table 5.2-1 using both the trapezoidal and Reduced Newton integrations. A more
detailed description of the parameters is given in an earlier publication [Herrmann and
Mish, 1983b]. The interest here is not to compare the results to the centrifuge test results
(although a direct comparison to the experimental results indicates a slight improvement in
accuracy), but to compare the performance of the Reduced Newton integration to the
trapezoidal integration. The finite element dicretization is shown in Figure 5.2-1.

The centrifuge model was spun up to 80g, allowed to consolidate and then
subjected to base motion. The initial stresses (created by the centrifuge spin up) in the
finite element model were calculated using SAC2 [Herrmann and Mish, 1983c; Herrmann
and Kaliakin., 1987b]. Since the current version of DYSAC?2 does not have this
capability, the initial stresses were graciously provided by Dr. Muraleetharan. DYSAC21s
then used to calculate the embankment response to the base motion. The input base
acceleration is shown in Figure 5.2-2.

The comparison of the embankment predictions using the trapezoidal and Reduced
Newton methods can be evaluated by looking at various nodal and element responses. The
analysis used 1,008 time steps with a time increment of 1.5625x10 seconds. An
additional analysis was performed using the trapezoidal method, but with twice the number
of steps (Trapezoidal x2), for accuracy comparisons. The horizontal and vertical
accelerations and displacements are shown in Figures 5.2-3 and 5.2-4, respectively. The
accelerations of all three analyses match extremely well. The displacements show a slight
discrepancy near the end of the analysis, with the Reduced Newton method closely
following the more accurate trapezoidal run. Excess pore water pressure histories for

selected elements are shown in Figure 5.2-5, and show a similar variation with the

Reduced Newton being more accurate. Contour plots of the excess pore water pressure for
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both methods are shown in Figure 5.2-6 and indicate little difference between the two
methods. The times as recorded on a PowerMac 8100/100 are given in Table 5.2-2 and
shows the Reduced Newton method slightly faster. The global iterations per step are

shown in Figure 5.2-7 and the results are quite similar.

5.3 Application of the DYSAC2 Program to an Embankment Subjected to a
Shock

Another analysis was conducted of the clay embankment with a shock applied at the
base. The same material properties were used and are given in Table 5.2-1. The model
was analyzed at the same 80g level (created by the centrifuge) so that the same initial
conditions could be used. The base shock is shown in Figure 5.3-1.

The analysis used 5,000 time steps with a time increment of 5 .0x107? seconds.
Similar to the earthquake study, an additional analysis was performed using the trapezoidal
method, but with twice the number of steps (Trapezoidal x2), for accuracy comparisons.
The horizontal and vertical accelerations and displacements are shown in Figures 5.3-2 and
5.3-3, respectively. The accelerations are shown for the first 0.1 second for clarity and all
of the methods match extremely well. The displacements show a slight divergence near the
end with the trapezoidal and Reduced Newton methods drifting slightly from the more
accurate Trapezoidal x2 analysis. Excess pore water pressure histories for selected
elements are shown in Figure 5.3-4 and show results similar to the displacements.
Contour plots of the excess pore water pressure for both methods are shown in Figure 5.3-
5 and indicate little difference between the methods. The times as recorded on a PowerMac
8100/100 are given in Table 5.3-1 and show the Reduced Newton method to be slightly

faster.
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Table 5.2-1. Bounding Surface Model Parameters.

Parameter Description Value
2 Slope of virgin compression line 0.25
K Slope of swell/compression line 0.05
. Slope of critical state (triaxial space) 0.88
M,/M, Ratio of CSL slopes extension to compression (3D only) | 1.0
v Poisson's ratio or shear modulus 0.3
I Transition / for log to linear | 101.4 kPa
Daim Atmospheric pressure 30.4 kPa
R Shape of bounding surface 2.4
C Projection center parameter 0.0
s, Elastic zone parameter 1.0
m Exponent for shape hardening function 0.02
. Hardening parameter associated with compression 3.0
H,/H. Ratio of hardening parameters, ext/ comp (3D only) 1.0
H, Hardening parameter associated with I axis 2.0
a Parameter controlling magnitude of hardening 1.2
w Parameter controlling decrease of hardening 5.0




Table 5.2-2. Embankment Subjected to an Earthquake Timing Results.

Method Time (sec) Time (min)
Trapezoidal 3252 54.2
Reduced Newton 3223 53.7
Table 5.3-1. Embankment Subjected to a Shock Timing Results.
Method Time (sec) Time (min)
Trapezoidal 12052 200.9
Reduced Newton 11789 196.5
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Figure 5.2-1. Finite Element Discretization of Embankment.
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Figure 5.3-4. Comparison of Excess Pore Water Pressure Histories of Various Nodes Due

to Shock.
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Figure 5.3-5a. Contours of Excess Pore Water Pressure Due to Shock, Trapezoidal

Method.
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6. Conclusions and Recommendations

6.1 Conclusions

The Bounding Surface Plasticity theory provides a means to gradually transition
from elastic to plastic behavior within a plasticity setting. Other approaches using multi-
surface plasticity have been proposed td achieve the same behavior [Mréz, 1967; Krieg,
1975; Eisenberg and Phillips, 1971]. This capability is especially useful in cyclic loading
cases where the change in volume occurs gradually over a number of cycles. Classical
plasticity models consist of a yield surface defined in stress space where stress paths within
the surface are elastic and paths on the surface are plastic. Cyclic behavior that occurs
within the surface is elastic and can never generate the observed plastic behavior. Unlike
classical plasticity models, the surface defined in a Bounding Surface model is a bound
rather than a yield surface and therefore allows plasticity to occur within the surface, not
just when the stress path reaches it. This feature presents difficulties when trying to
implement the model using conventional numerical techniques which were developed for
yield surface models.

This study investigates numerical techniques for specifically implementing the
Bounding Surface model for clays. The first goal was to lay out the Bounding Surface
theory in a framework that would allow implementation using conventional numerical
methods. Section 1.7 describes an approach that explicitly defines the loading surface in
terms of an additional internal variable so that the model fits the conventional plasticity
framework.

The Closest Point Projection method (Section 2) is one of the modern techniques
for numerically evaluating conventional plasticity models. The use of an elastic predictor
and a plastic corrector makes it very well suited for yield surface plasticity that has distinct
elastic and plastic zones. Adding an additional internal variable and the loading surface rate

equation allows a direct application of this method to the Bounding Surface model. Since
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the method explicitly satisfies the consistency condition, it often provides a more accurate
answer than the trapezoidal method (used previously with the Bounding Surface model for
clays) in fewer steps. However, it requires solving for and inverting a nonsymmetric
matrix (8x8 Jacobian) in every iteration at the material point level. This Jacobian is
eventually used to construct the consistent tangent moduli_, so the tangent moduli are
effectively being calculated in every iteration. Also, since the hardening modulus (K)
grows rapidly near the elastic surface or projection point, the loading surface rate equation
becomes ill-behaved and requires substepping for nearly elastic steps.

The Reduced Newton method was developed from some of the concepts in the
Closest Point Projection method. It maps the stresses, strains and consistency condition
into invariant space and employs the Newton-Raphson method to solve the reduced set of
equations. The loading surface relationship developed in Section 1.7 is still used, but in a
more general form that avoids having the numerical stability problems. The method also
has the advantage of solving for the stress increment first, then calculating the tangent
moduli only for the converged stress solution.

Both the Reduced Newton and the Closest Point Projection methods show the same
behavior in terms of accuracy (Section 4). In addition, both methods tend to be more
accurate than the trapezoidal method for integration of large plastic strains, because they
explicitly include the consistency condition. For robustness, both methods (like the
trapezoidal method) employ uniform substepping within the global strain increment, which
assures a consistent level of accuracy within the global finite element mesh.

The Reduced Newton method calculates a nearly exact Jacobian (i.e., “consistent
tangent stiffness matrix”), while the trapezoidal method uses a tangent stiffness
approximation. In light of this fact, is somewhat surprising that the two methods require

substantially the same number of global iterations. This is most likely due to the fact that

the dynamic analysis required very small time steps.
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The development of the Reduced Newton method requires extensive mathematical
manipulations and computer coding. The method is best suited for well established models
for which reducing computational time is desired. On the other hand, the Closest Point
Projection method is easier to implement and is ideal for testing constitutive models under
development.

From both an accuracy and cost standpoint, the trapezoidal method compared more
favorably to the other two methods than expected. As a consequence, it may be desirable
to attempt to correct the problem of straying outside the bound by strictly enforcing the

consistency condition within the trapezoidal method.
6.2 Recommendations for Future Research

This study has suggested a number of possibilities for future research and
improvements on the Bounding Surface model for clays and its numerical implementation.
Recommendations for additional research in the numerical implementation of
Bounding Surface models are as follows:
a) Investigate a trapezoidal algorithm that explicitly satisfies the consistency condition.
b) Investigate a Closest Point Projection algorithm where the interval is divided into N
substeps, the first N-1 of equal length and the last with half of thé spacing. For the
first N-1 substeps, the finite difference equations would be written at the center of
the substep (in an attempt to improve accuracy), while for the last substep a
backward formula would be used so consistency at the end point is exactly
satisfied. Itis expected that this method might demonstrate the favorable
convergence characteristics of the trapezoidal method.
¢) Extend the Reduced Newton method to three invariants.
d) Further improve robustness of the methods by computationally efficient techniques,

such as, variable substepping.
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Specific recommendations for additional research on the existing clay model include

the following:

e)

h)

J)

Determine a more computationally efficient expression for the hardening modulus
inside the bound. The modulus described in Section 1.6 is extremely complicated
and requires finite difference approximations for its derivatives. A simpler,
computationally efficient modulus would improve the speed significantly. This
simpler form would come from one or more of the following recommendations.
Define a bounding shape that more closely follows the critical state line. Part of the
reason for the complicated hardening modulus is that the elliptical shape extends far
beyond the critical state line. Other shapes in the various regions have been tried
with some success, but they have significantly increased both the complexity and
the computational time of the model.

Recast the consolidation law to eliminate the two solution regions defined by the
transitional volumetric stress ().

Consider a model without a purely elastic region. This type of model would be
more appropriate for clays and would eliminate the two separate solution regions. |
Consider treating the unloading implicitly (as was done for the Closest Point
algorithm) instead of explicitly (i.e., calculation of the intersections). Itis assumed
that the global step sizes would be sufficiently small that this approximation would
be valid (which is often the case in earthquake analyses).

Incorporate inherent and induced anisotropy into the model.
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Appendix A. Derivatives for Single Ellipse Bounding Surface

The Bounding Surface function for a single ellipse model is described in Section
1.4 [Kaliakin, 1985; Herrmann, et. al., 1985; Herrmann, et. al., 1987]. The function is

given as:

—\2
F=I"+(R-1) I -3101743—_—15102 (A-1)
N R R

As described in Section 1.8, the Bounding Surface function is differentiated with

respect to the “image” stress using the chain rule and the invariants. This can be written as:
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The second partial derivative of F with respect to the “image” and current stresses 1s

given as:
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The terms for the second derivative are found to be:
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It is especially important that the above definition of the invariants that involve 4 be

used to form the second derivatives. In the previous form (see Section 1.8), the term

cos (o) appears several times in the denominator within these second derivatives. This

creates numeric problems as cos (0r) approaches zero.
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Appendix B. Plastic Algorithms B and C

Another approach for the plastic algorithm was developed originally for the Cam-
Clay model [Herrmann, 1997]. This method solved a single nonlinear differential equation
to evaluate the material behavior. Because of numerical problems near the volumetric stress
axis (i.e., J = 0) and the apex of the ellipse (J = maximum), different forms of the equation
were used in these two regions. The first section of this appendix discusses the two
separate equations that need to be solved when using this approach for the stress point

algorithm. The second section describes the calculation of the consistent tangent moduli.

Appendix B.1 Stress Point Algorithm

Section 3.4 develops the nonlinear differential equations that describe the material

behavior. The volumetric equations are given as:

T 1 jn+]
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The deviatoric equation is given as:
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The above equations are sufficient for the Cam-Clay model. For the Bounding
Surface plasticity model, an additional equation is required to describe the plasticity
behavior within the surface. The equation used is:
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The current algorithm described in Section 3.4 solves for I and J using the two

nonlinear Equations B.1-1 and B.1-2 and then Equation B.1-3 to solve for the plasticity

parameter (7). The original implementation, which is consistent with the Cam-Clay model

implementation [Herrmann, 1997], solved Equation B.1-3 and either Equation B.1-1 or
B.1-2 for I and b. The equation not used in this process was used to find the plésticity
parameter. The choice of Equation B.1-1 or B.1-2 is based upon numerical considerations
and is d¢scn'bed later in this section.

In both cases, the first equation is Equation B.1-3 and gives the Newton-Raphson
residual:
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Algorithm B uses Equation B.1-2 for the second equation. Equation B.1-1 is then

used to solve for the plasticity parameter. Residual 2 is defined as:
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Numerical problems arise in this algorithm near the apex of the Bounding Surface
(J = maximum) because the denominator of Equation B.1-6 approaches zero. To resolve

this problem, Algorithm C exchanges the second residual and the plasticity parameter
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equations. Residual 2 and the plasticity parameter for Algorithm C are defined as:
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The plus sign before the radical is required to assure a positive plasticity parameter.
Numerical problems arise in this algorithm, however, near the volumetric axis (i.e., J = 0).
Solving for the plasticity parameter using Equation B.1-8 results in inaccurate estimates
because of the division by small values of J (the J? divisor within the radical).

Because of the nature of these equations, the solution realm is broken into two

Zones:

1) Algorithm B is used for solutions in the bottom half of the Bounding Surface
(near the hydrostatic axis), and

2) Algorithm C is used for solutions in the top half of the Bounding Surface (near
the apex).

The dividing point for the algorithms is arbitrarily taken as the half point and is
based upon the second invariant value at the beginning of the step:

. 2 P 1, . 2 P 1,
Algorithm B: J, S-—N—b—i’— Algorithm C: J, >5Nb_b (B.1-9)
b b

where N = Lw—(angle of the critical state line in I-J space)

V27

M = angle of the critical state line in p-g space.
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Similar to Section 3.4, the independent variables I and b are chosen. The Newton-
Raphson method requires derivatives of the residuals with respect to the independent
~ variables. The derivatives of the first residual (Equation B.1-4) with respect to ,, and

b,,, are given as:
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The derivatives of the second residual (Equation B.1-5) and the plasticity parameter
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(Equation B.1-6) for Algorithm B are given as:
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The derivatives of the second residual (Equation B.1-7) and the plasticity parameter

(Equation B.1-8) for Algorithm C are given as:
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The convergence criterion chosen for this study is that the change in residuals must
be smaller than a user-defined percentage of absolute value of the total strain increment.
The first residual is in terms of the plasticity parameter. In order to compare its value at the

magnitude of strain, the residual and its derivatives are multiplied by the following:

*

i R oR R R
R =z R, L = 1, e 1 B.1-20
1 =2 a  a b b ( )

where z=3 (ij .
a ),

Algorithm C uses the volumetric Equation B.1-7 for the second nonlinear equation,
. which is already in terms of strain. Algorithm B, however,.uses the deviatoric Equation
B.1-5, which is in terms of stress. Its residual is scaled to the magnitude of strain by
dividing it and its derivatives by the initial shear modulus. The new residual and

derivatives are given as:

*

R;_& oR, _ 1 dR, orR, 1 R,
G d Grdl’ b G ob

(Algorithm B) (B.1-21)
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The norm as described in Section 3.4 is based upon a percentage of the input strains

and is defined as:

IR = IR+ |R| (B.1-22)

Y Al

where  ||R| = norm on the residuals.

The Newton-Raphson algorithm is the same as described in Section 3.4 and is

given as:
I I LR
= -¥ . (B.1-23)
b i+l n+] b in+l R2 in+l
oR, oR,
| T,
where = R, 3R,
aI bi R+l ab Ii.N*l

Residual 2 in the Jacobian (\¥') is dependent on the algorithm being used. The algorithm is

shown in Box B.1-1.




Box B.1-1. Algorithms B and C for Plastic Steps.

1. Set Substep Level: N=1

2. Substep Level Loop: m = I,m

max

Ag,;
Ag, = d
" N

3. Initialize to Beginning of Step:
L. =1,b,.,=b,

4. Substep Loop: k = IN

5. Determine Volumetric Form:

(I>1,) Linear-Linear (I<1,) Log-Linear

6. Determine Algorithm:

0, . 2 p IO
>~  Algorithm B J, >=N-—
b, 2 b,

~

L N

IA

SRR

=
~

7. [Iteration Loop:It= 11t

8. Calculate Residuals and Local Jacobian: R, R, ¥

9. Solve for Increment in Variables: A/ Ab

n+l’ n+l

10. Calculate and Test Norm: IF (||R|< Toler,)
TRUE: Go to step 11
- FALSE: Increment variables, ., b

> “n+l

Go to step 7

n+l1°

11. Calculate Stresses and Check Substeps: o,

IF (k<N) TRUE: Gotostep4 FALSE: Go to step 12

12. Compare stresses with previous substep level:

Onslm-1

[(I()“Lm -1 ) < Tolerla] OR [It>1It,,]

TRUE: EXIT FALSE: N = 2N, Go to step 2

Algorithm C
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Appendix B.2 Plastic Contribution to the Global Jacobian

Once the stress algorithm has converged, the plastic contribution [

8%
to the
OAEg,, "

global Jacobian matrix must be calculated. The local Jacobian will be evaluated in terms of

the deviatoric and volumetric components, similar to the elastic Jacobian. The volumetric

component can be obtained by noting that the residuals are a function of the independent

variables (I, b) which, in turn, are a function of the strain increment. The derivatives can

be obtained by an application of the chain rule (i.e., holding the independent variables

constant and then adding the derivatives with respect to the independent variables). At

convergence, the residual is equal to zero and the derivatives can be written as:

R
aAS“ n+l

Expressed in matrix form:

3R,
JAEg,,

R,
OAEy | .,

where

_ R | LOR| o | R| b o (B.2-1)
aAEk[ 'I,,.l‘b,,ﬂ aI |bn+l aAekl (nﬁ’l ab |1n-rI aAgkl |"+l
R al |
JdAg,, dAg,, 0
oK Ty P 0 (B.2-2)
aASkI Leorsbon aAekl J n+l
R oR| ]
\IJ _ aI bpwl 8b Im-l
| oR, dR,
(9] by ab Iner +1

The local Jacobian (\F) is the same as that required in the local Newton-Raphson

iteration (B.1-23). The derivatives of the independent variables with respect to the strain




increments can be found by solving Equation B.2-2:

ol oR,

dAe, | g1 | OAg,

b =-¥ R, (B.2-3)
dAg,, n+l dAy, Ls1:bran

The derivatives of the residuals with respect to the strain increments are calculated
holding the independent variables at the end of the step (7., , b,,,) constant. It is important
to note that the shear modulus (G, , ) is a function only of the current volumetric stress

(1., ), and therefore is also fixed. For both algorithms, the derivative of the first residual is

given as:
8R] — 37n+1 +_12_(-a-£]+—€2'b.]2)
dAg, b JAg,, Lo K.\ dl oJ
" | (B.2-4)
1 1 oF oI, . oOF di*
—_ ——— 72
KP At aI aAgk, LA aj aASk[ UREA

The derivatives of the second residual for Algorithm B and that of the plasticity

parameter are given as:

8R2 = 4Gn+IAta_2bn+](1 + 2Gn+lAta_2’Yn+lbn+lJ‘]3+l§Zli
aAEkl | S : ! 4 aAekl Lusi b
2
oI’
+(1+2G"+1Atﬁyn+lbn+l} Pnel (B.2-5)
al aAskl ln+l‘bn+l
2
—4Gf+1At2—2)—C—l— _ZGMIAI%_ _ﬂ_
aAgkl Lvi by aASId lmpbnu aAgkl Irnl’brwl
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B 1oa |
¥ i _ 1 —6{ ““ﬁTlﬂ” ALy, lm,bM]
eyl . (La=pl,) or aI,
1 1 a
¥ v 1 'g[ “ pad, ohe, awmﬂ]
dhey, Vb (In+1 _plom) al, dl,

]n+1 ‘bn+1 ]d

’n+1 'brn] J_
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(I>1)(B.2-6a)

(1<1,)(B.2-6b)

For Algorithm C, the derivatives of the second residual and the plasticity parameter

are given as:

aRz — 6'}/ n+1 _pal('rwl
n+l
aAgkl Ilmlvb;nl aAgk[ ln+l‘bu+1 aAgkl [n+]'
7 oy
+6 (1., —pl, 1 —atl — Oy
( ' )aAgkl Iﬂ+l'bn+l
8R2 = 67/ .8’1_*“1 -p alo" L
- n+l
aAgkl [n+1~hn+! aAgU 1ﬂ+l’bn+1 aAgkl 1n+l
+6 (jn+1 - pIo,”, )% -
aAgkI Tyi1vbpa

bn+lJ
1

- BAtl

n+l

1

dl,
dAg,,

1,”1.17,”]

(I>1)(B.2-7a)

(I<1I,)B.2-7b)

al

n

‘Bt dAe,|,

by

_ -
_[1+2Gn+]AI_Cb—bn+IYn+] J —a_J'iﬂ— +4G3+1At2%—
a JAg,, Lot OAEg,, .
2
G, a2k +-2e
a’yrﬁ-l L aASH . ’bn+1 aAek[ Tosi by
dAg,, Lo

n+l n+1Y n+l

1

+ 4G At‘q‘?;b JZ [1+2Gn+]At£2_bn+l)Vn+1\
a a J

1

(B.2-8)




The derivatives in Equations B.2-5 through B.2-8 are as follows:

ol
o = C(l -b n+l ) -
OAE|, MY, 4.,
a __(1=c1,) ob, ic al,
8A8kl 1n41bn sy At aAgkl |]n+l‘bn+l aAgk[ Ls1sbuat
p L +C(1-b) I,
At 8A8k1 I b . aAskl 7 1,b 1
/|
d, = 1,616,
8A€kl ] +lvbn+1
. ~ (AG_}_ i j al,
dAg, |, o B 1. )dAe, -
- (I>1)
1 ol :
+§I‘7n+l 5kl+ -
At B1,., dAg, l;"*,,bm
T
aAgkl Ly be ﬁ Il aAgkl Ip1:bnnt
(I<1I)
1 /|
+§Ion+1 6kl + 8 -
At B 1 . BAEk, Losbin
[ a |
8]2 2 - aAekl ln+1’bn+[
aAgkl st sbnn a2b3+] (i I ) ai 810
—a 1 Pl -
W =P, e, e p3A€k1 -

(B.2-9)

(B.2-10)

(B.2-11)

(B.2-122)

(B.2-12b)

(B.2-13)
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oJ’ _ 273, b, _2b oar
dAE, I b OAEy Lyt by by OAEy Iner-bans
ol dl,
Opiq + Ons1
8A£kl Lpybain 8Agkl Lps1:byi
_ (B.2-14)
2 - ar ol
+ 2 —_al (In+] - pIa,,H ) —p °
a,b,., dhe, Iyotsbs ey, <1 br
- ol dl
aliri |2 o
] : oeyl, . I, .
%, _ 9% —e, (B.2-15)
aAEkl ,n+l'bn+l aAgk[ ' A
Js..
s _ 9 _ s, +ekl”(_L) (B.2-16)
JAEg,, Losbo JdAg,, ’ '\ dAg,

The derivative of the deviatoric stress with respect to the increment in strain

os;;
[BA - ) in Equation B.2-16 is evaluated at the beginning of the step or substep. If the
Sld

n

initial portion of the step was elastic, then this derivative is calculated using Equation 3.3-4.




If, on the other hand, the initial portion of the step was plastic, then the derivative comes
from the previous plastic step. The deviatoric stress derivative at the end of the step is

deﬁﬁed as:

i dAe. Js.. i
2Athe, (é{ij A | o af 2| 4| L
"\l )\ dAE, ) dAg, ) . \dAg, )
)/n+lbn+l(iagj ( al J +Gn+l’}/n+l(ﬁ—
a ).\ dre, ) . JAg,
(5.2
1n+1~bn+1 aI n+l 8A8k1 n+l

3).1a
ob ).\ 9AE, ) |

s, L
_ . (B.2-17)
ey )., 142G, A2y, b,
a

n+l
1

n+l

a 9}/ +1
2At-%5. ——=
al Yuea aAgkl

n+1%n+1

/4
] and ( ob ) , which are given by
1 +1

This derivative requires the derivatives (
AE,, . AE,, .

Equation B.2-3.
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Appendix C. Strain Calculations for “Exact” Solutions

Appendix C.1 Volumetric Problems

In order to verify that the numerical implementation of the Bounding Surface
models are calculating the correct results, several “exact” solutions were constructed. Exact
is in quotes because in some cases (such as the volumetric tests) the exact solution can be
found; In general, however, numerical integration is required. The “exact” solutions are
constructed by starting with a stress point on the Bounding Surface, giving the surface and A
the stress point a known movement together and calculating the strains required to achieve
the movement. Since the stress point starts on the surface, this solution could also be used

to test a Cam-Clay model.

The “exact” solution is constructed by assuming a linear expansion with time (#) of

the Bounding Surface size (/,):
L()=1, +1 (C.1-1)
where I, =initial Bounding Surface size.

The derivative of this Bounding Surface expression with respect to time is:

I =1 (C.1-2)

o

The previously defined rate equation for the Bounding Surface hardening [Kaliakin,

1985] is given as:

oF

I =22 ((1,()-1)+1) 7 %

0 Z—K

(C.1-3)

where v, = 1 + ¢, = initial specific volume

e, = initial void ratio




A = normal consolidation line

Kk = elastic load-reload line
I; = Limit stress for linear relationship
y= plasticity parameter (loading index). -

\ Consider the case when the value of I, is less than the transition stress (/). The

. Bounding Surface relationship reduces to:

j — 3 v() Il §£
©A-k ol (C.1-4)

| where 1 =b(I-1)+1,

‘ b =‘ measure of distance between stress point and surface
I.=CI,
C= ﬁawﬂﬂ constant defining the projection center location.

The single ellipse Bounding Surface function is defined [Kaliakin, 1985] as:

—\2
F=T*+(R+1) (ij _2 I(,T+—2—ilo2
N) R R (C.1-5)

The intercepfs of the Bounding Surface with the volumetric axis (I axis) are:

I = (3—1j10, 1
R (C.1-6)

The derivative of the Bounding Surface function (Equation 1.4-1) with I is:

F _,; 2 |
ol R’ (C.1-7)
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Substituting Equation C.1-7 into Equation C.1-4 and recalling Equation C.1-2:

L=ty (20-210) =

A-x (C.1-8)
Equation C.1-8 can now be solved for the plastic parameter (}):
y_[l—xj 1
39, 1) 27-2 1)
R (C.1-9)

The rate equation for the plastic volumetric strain @) is given by the volumetric
form of Equation 1.2-2 [Kaliakin, 1985]:

. oF
0]7 :3 _—
4 ol (C.1-10)

Substituting in the expressions for the plastic parameter and derivative (Equations

C.1-7 and C.1-9) yields:

v, 1, (C.1-11)

The plastic volumetric strain can be obtained by integrating the rate with respect to .

6°(1) = t + C
v()Il (C 1_12)

where  C = constant of integration.

The constant of integration is evaluated by noting that ¢ =0 at =0, and therefore

C =0. Thus the equation for the plastic volumetric strain is:

6"(1) = (A—IK} t
U, 4y (C.1-13)
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The total volumetric strain consists of both the plastic and elastic strain. This

relationship is given by the familiar decomposition of strains written in volumetric form:
0(r) = 6°(r) +67(¢) (C.1-14)

In order to determine the elastic volumetric strain, the stress history is required.

For volumetric stresses (/) less than the transition stress (/;), the bulk modulus (X) is

constant:
oDk
3K (C.1-15)
The volumetric stress rate 1s defineq as:
I(t)=3K ée(r). (C.1-16)

Equation C.1-16 can be integrated for the elastic volumetric strain (6). This is a
straightforward integration since the bulk modulus is constant. The constant of integration
is zero since I = 0 at & = 0. Substituting the elastic strain, the plastic volumetric strain (GP

in Equation C.1-13) and the bulk modulus (X in Equation C.1-15) into Equation C.1-14,

the total strain can be written as:

o) = K 1(t) +(/1-xj t

vo Il vr) II

(C.1-17)

Consider a volumetric tension test. The stress point originates on the volumetric
axis intercept of the Bounding Surface on the tension side (for R > 0) and remains there
throughout the test. I(z) can be defined by the tension side intercept of the bounding

surface (first term of Equation C.1-6). Substituting this into Equation C.1-17 results in the
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volumetric strain as a function of the Bounding Surface size only:

6(r) = f@<l(),+t)+(/l_’(jt

v() I[ v Il

24

(C.1-18)

This equation for strain highlights a problem with the Bounding Surface rate

relationship given in Equation C.1-3. When considering the case where the Bounding

Surface collapses to zero (i.e., I, — 0 ), t cannot be less than — 10,_ . Therefore the total

tensile volumetric strain in this limit cannot exceed: R

6(-1,) = -(l"’cj I,
v, I, (C.1-19)

Tensile strains exceeding this value will cause the model to have numeric

difficulties. In order to avoid this problem, one approach is to reconsider the Bounding
Surface rate (Equation C.1-3). Since there was no experimental evidence cited for the
transition from a log to linear rate form, the linear portion is dropped. The rate equation for
1, (previously defined in Equation C.1-3) is now defined:

oF

- 3 v(}
] = —~ R

o A'—K‘

L(t)y

Note that this form of the rate equation is valid on either side of the transition stress.

The plastic parameter is now solved for:
1

y = (A—Kj
30, ) 2010~ 2)

(C.1-21)

Substituting the plasticity parameter into the rate equation for the plastic volumetric
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strain (6” ) (Equation C.1-10) results in:

- (l-—K’J 1
6 = —
v, ) L0) (C.1-22)

Integrating to get the plastic volumetric strain gives:

9%Q=( "th4g0»+c
Yo (C.1-23)
The constant of integration is obtained, noting that ¢ =0atr=0:
C=- [’1“ Kj In (1,(2))
v, (C.1-24)

The equation for the plastic volumetric strain as a function of time is:

6°(r) = A_KJ In 1,(1)
Uo L, (C.1-25)

Substituting this relationship into the equation for the total volumetric strain

(Equation C.1-14) for tensile tests results in:

- I +t)
o) = K (-2——1)(In_+t)+/1 K ln[”" ]
I, \R ; v I

o~ 0 0;

(C.1-26)

When considering the case where the Bounding Surface collapses to zero

(i.e., I, > 0),t= —1I, . The total tensile volumetric strain is now given as:

(C.1-27)
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Now in order to collapse the Bounding Surface to zero, an infinite value of tensile
volumetric strain is required. Although the precision of the machine will limit this strain,
the formulation will avoid the numerical difficulties of the previous formula.

For volumetric stresses (I) greater than the transition stress (/; ), the bulk

modulus(K) is now a function of the volumetric stress:

I(t

K — v(} ( ) N
3K (C.1-28)

The integration of the elastic volumetric strain (Equation C.1-16) results in a ~

slightly more complex expression:

In (I())+C

6(r) = — ,
v, (C.1-29)

Solving for the constant of integration results in:

6(t) = x In (l(t—)J
v, 1(0) (C.1-30)

Consider a volumetric compression test. The volumetric stress (/) would originate
on the compression side, intercept with the Bounding Surface and remain on the surface as
the bound expands. Substituting for the volumetric stress (i.e., second term of Equation

C.1-6), the total strain becomes a function of the Bounding Surface size:

I, +1
o) = A ln[ OII j )
% (C.1-31)

The volumetric compression test in Section 4.2.1 used Equation C.1-30 to calculate

the strains. The Bounding Surface parameters are given in Table C.1-1. The void ratio
was given as e, = 0.94. The problem definitions are given in Table C.1-2.

The volumetric tension test in Section 4.2.2 used Equation C.1-26 to calculate the

strains. The Bounding Surface parameters and the void ratio are the same as the




compression test. The parameters defining the problem definitions for the tension tests are

given in Table C.1-3.

Table C.1-1. Bounding Surface Model Parameters

Traditional Model Surface Configuration
Parameters Parameters
A=0.14 R=2.6
. K = 0.05
M, = 1.05
v=02

Table C.1-2. Volumetric Compression Problem Definitions

Bound Size, I,

Volumetric Stress, /

Volumetric Strain, 6

Beginning 81 81 0
Final 91 9] -0.00840075
Table C.1-3. Volumetric Tension Problem Definitions
. Bound Size, I, Volumetric Stress, I | volumetric Strain. 6
Beginning 0.9 0.207692 0
Final 0.5 0.115385 0.0274708
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Appendix C.2 Shear Problem

A problem is designed to test the behavior of the model in shear. In order to make

finding the exact solutions tractable, some simplifying assumptions are made:

1) the first invariant remains constant (i.e., I,,, = 1I,), and
2) the third invariant is zero (S = 0).

Similar to the volumetric cases, a linear variation in I, is assumed:
L(t)=1, +t (C.2-1)

As derived in the previous section (Equation C.1-21), the plastic parameter (}) is

given as:

(C.2-2)

The plastic volumetric strain (Equation C.1-25) is given:

67(r) = (Z—KJ In L)
Yo L, (C.2-3)

Since the volumetric stress (/) is assumed to remain constant, the total volumetric

strain can be expressed:
o) = 0°(1) | (C.2-4)

The second image stress invariant ( J) is obtained as a function of time by recalling

the equation for the Bounding Surface (Equation C.1-5) and noting that ' = 0:

N ) _ 2-R
—P+Z (O] -=2 1
(R-1) R @ R “ (C.2-5)

J(1)=




The equation for N is defined as:
2N

: 3
14 -(I_Ne]ﬂé(ﬁ)
N N | 2 \J (C.2-6)

C 4

N =

Noting that the third invariant is assumed to be zero (i.e., S = 0), the equation for N

becomes constant and can be written as:

|
1 |
N =20 (C.2-7)

Nt’
. 1+
N

c

For tests originating and remaining on the surface, the first and second invariants

can be simplified to:

I=1 J=J (C.2-8)

In order to ensure that I = constant and S = O, the following assumption on the

deviatoric stresses is made:

S| = Sy = 833 = 83 = 8,3 =0, s, #0 (C.2-9)

The shear stress (6;2) can be written as:

0,(1) = 5,(1) = J (1) (C.2-10)

The rate equations for the plastic deviatoric strains are defined as:

ds; (C.2-11)
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The derivatives of the Bounding Surface function (F in Equation C.1-5) with

respect to the deviatoric stresses are given as:

F_Fa Fau
ds, dJ ds; Iu I (C.2-12)

i
U =sin(3ax)

where

Specific derivatives of the Bounding Surface function are given as:

F ar-1p L ;
aJ N (C.2-13)
oF , J* ON
=2 (R-1)—=—=— 2-
5 (R-1) N o (C.2-14)
N{l—%)
ON _ c (C.2-15)
au 2N

m | N, N (C.2-16)
The derivatives of the invariants with respect to the deviatoric stresses are:

al 9] _dl _dl _dl

= p—l = —_ -— O
8s1 1 8522 8333 8513 8523 (C.2-17) .
ol _1
ds, 2 (C.2-18)
d _ o _3 (C.2-19)

ds, s, 2J




o __B3

Oy I (C.2-20)
ou _ ou _ou

Js, Os; Oy (C.2-21)

Upon combining these terms, the derivatives of the Bounding Surface function with

respect to the deviatoric stresses are defined as:

8s“ 8322 2 N Ne (C.2-22)

¥ NN, (C.2-23)
F (R-1)=J(2)

E N (C.2-24)
OF _ OF _ |

Js, sy (C.2-25)

Substituting in the plastic parameter (Equation C.2-2), the second invariant
(Equation C.2-5), and the derivatives (Equations C.2-22 through C.2-25) into the

deviatoric strain rate (Equation C.2-11), the rates can be written as:

Ne
5 p(l_"](l_Nj FreZiorEEio
e =él = -2 (R- :

n=€xn=
12 N 1
e 11,0~ 120

o

(C.2-26)

efy =—2¢f (C.2-27)
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2 2—-R
— P+ = LI -—— It
e - 2R e

N 1
11 (t)——IL (¢
{)() R ()()

(C.2-28)

To obtain the plastic deviatoric strains, these rates must be integrated thus requiring
numerical evaluation of the last term. With this approximation, the deviatoric plastic strains

can be expressed as a function of time. The total deviatoric strains are obtained by recalling

that:

5, =Gle; —ef) (C.2-29)

The shear modulus (G) is a function of the bulk modulus (K) which, in turn, is a
function of the first stress invariant (/). Assuming that I = constant, the shear modulus is

also constant. From Equation C.2-9, the total deviatoric strains are obtained:

_ P — P — P
€ =€y €y T€pn €33 =63 (C.2-30)

en(t)= SHUN (1) (C.2-31)

12

Finally the total strain histories are calculated using Equation C.2-4:

E.

i

()=¢,(1)+36()  (no sum) (€232

£,(t) = ¢;(1) (C.2-33)

The Shear Test 1 in Section 4.2.3 used the Bounding Surface parameters given in
Table C.1-1. The void ratio was given as e, = 0.94 and the volumetric stress was set to [ =
81 psi. The parameters defining the problem are given in Table C.2-1.

Shear Test 2 in Section 4.2.4 also uses the Bounding Surface parameters given in

Table C.1-1. The void ratio was given as e, = 0.94, the volumetric stress was set to




“

I =60 psi and the initial shear stress was given as 0,, = 3.63731 psi. The parameter

definitions are given in Table C.2-2.

Table C.2-1. Shear Test 1 Definitions

Bound Size, I,

Volumetric Strain, 6

Shear Strain, g,

Beginning 81 0 0
Final 91 0.00540048 -0.0114129
Table C.2-2. Shear Test 2 Definitions
Bound Size, /, Volumetric Strain, 6 Shear Strain, €,,
Beginning 81 0 0
Final 91 0.00715132 -0.0177091

189




